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CHAPTER 3

Differentiation

The problem of finding the tangent line to a curve and the problem of finding the
velocity of an object both involve finding the same type of limit, as we saw in
chapter two. This special type of limit is called a derivative and we will see that it
can be interpreted as a rate of change in any of the sciences or engineering.

3.1 Tangents and the Derivative at a Point

To find a tangent to an arbitrary curve y = f (x) at a point P(x,, f(x,)), we calculate
the slope of the secant through P and a nearby point Q(x, + h, f(x, + h)).We then
investigate the limit of the slope as h — 0 (Figure 1). If the limit exists, we call it
the slope of the curve at P and define the tangent at P to be the line through P
having this slope.
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Figure 1

DEFINITIONS The slope of the curve y = f(x) at the point Plxg, f(xo)) 1s the
number

. flxg + k) — flxp)
m = lim

Jlim p (provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.
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Example 1

(a) Find the slope of the curve y = 1/x at any point x = a #0. What is the slope at
the point x = -1?
(b) Where does the slope equal — ¥4?

(c) What happens to the tangent to the curve at the point (a, 1/a) as a changes?
Solution:

(a) Here f(x) = 1/x. The slope at (a, 1/a) is

. fla+h)—fla) g+ p @ ' 1a— (a+ h)
p h - h = ala + h)
= lim __h = lim _—1= _ L
h—0 hala + h)  h—o0 ala + h) at’

Notice how we had to keep writing “lim;_,,” before each fraction until the stage
where we could evaluate the limit by substituting h = 0. The number a may be
positive or negative, but not 0. When a = -1, the slope is -1/ (-1)? = -1 (Figure 2).

1

slope is —

slope 1s -1
atx = -1

Figure 2
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(b) The slope of y = 1/x at the point where x = a is -1/ a. It will be provided that
-1/a*=-1/4

This equation is equivalent to a® = 4, so a = 2 or a = -2. The curve has slope -1/4 at
the two points (2, 1/2) and (-2, -1/2) (Figure 3).

:‘i]DpEIiﬁ- _?lt

Figure 3

(c) The slope -1/a* is always negative if a # 0. As a — 0", the slope approaches -oo
and the tangent becomes increasingly steep (Figure 3). We see this situation again
as a — 0 . As a moves away from the origin in either direction, the slope
approaches 0 and the tangent levels off to become horizontal.

3.2 Rates of Change: Derivative at a Point
The expression

f(xo +h) = f(x0)

h+0
n *

is called the difference quotient of f at x, with increment h. If the difference
quotient has a limit as h approaches zero, that limit is given a special name and
notation.
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DEFINITION  The derivative of a function f at a point x,, denoted f'(xp), is

flxo + h) — f(xo)

(xg) = li
f {Tﬁ) ;;I—IE;: h

provided this limit exists.

3.3 Summary
All of these ideas refer to the same limit.

The following are all interpretations for the limit of the difference quotient,

. flxo + h) — flxp)
lim .
h—0 -II

. The slope of the graph of y = f(x)atx = x,
. The slope of the tangent to the curve y = f(x)atx = x,

. The rate of change of f(x) with respect toxatx = x,

PO s

. The derivative f'(x;) at a point

3.4 The Derivative as a Function

In the last section we defined the derivative of y = f (x) at the point x = X, to be the
limit
fxo +h) — f(xo)

h

f(xo) = }li_r}(l)

We now investigate the derivative as a function derived from f by considering the
limit at each point x in the domain of f.
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DEFINITION  The derivative of the function f(x) with respect to the variable x is
the function f whose value at x is

oo Jxe+h) — fx)
.,llr (‘} - IEE]D h ]

provided the limit exists.

The process of calculating a derivative is called differentiation. To emphasize the
idea that differentiation is an operation performed on a function y = f(x), we use the
notation

d
()

There are many ways to denote the derivative of a function y = f(x), where the
independent variable is x and the dependent variable is y. Some common
alternative notations for the derivative are:

dy df d
o) =y == 2= —f(x) = D(A() = Def ()

Example 2: by using the definition of the derivative, find dy/dx of the function y =
5x° + 8x* — 3x +4
Solution:

f(x) = 5x° + 8x° — 3x +4
f(x +Ax) = 5(x +Ax)* + 8(x +Ax)* — 3(x +Ax) + 4
dy _ lim fx+h)—f(x)

dx ~ ax-0 Ax

. 5(x +Ax)3 + 8(x +Ax)?-3(x +Ax)+ 4—5x3— 8x*+ 3x—4
im

Ax—0 Ax

5(x3 + 3x% Ax + 3xAx? + Ax®) + 8(x? + 2xAx + Ax?) —3x —3Ax + 4 —5x3 — 8x? + 3x — 4
Ax—0 Ax

5x3 + 15x2% Ax + 15xAx? + 5Ax3 + 8x% 4+ 16xAx + 8Ax? — 3x — 3Ax — 5x3 — 8x% 4+ 3x
Ax—0 Ax




Tikrit University Calculus Lectures
College of Engineering 1 st class

Civil Engineering Department Ch.3 Differentiation

. 15x% Ax + 15xAx? + 5Ax3 + 16xAx + 8Ax? — 3Ax
A;lcr—r>lo Ax

Alim0 15x% + 15xAx + 5Ax? + 16x + 8Ax — 3
X—

=15+ 16X -3

3.5 Differentiation Rules

Derivative of a Constant Function
If f has the constant value f(x) = c, then
af  d

dx E[C) = 0.

Example 3: L5=0
dx

Power Rule (General Version)
If n is any real number, then

d _
——x" = px" L

dx

for all x where the powers x"and x"~ ! are defined.

Example 4: Differentiate the following equations:

@ X%, (0)x*  (©x% () x% ) x~%3, () Vx2*m
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Solution:

(a) %{ﬁ) = 3x37 1 = 3x2 (b) %(xzfs) _ %xuﬁ]—l _ %x"-ﬂ

(©) %(-’f“i) -Vl ) %(%) = % x = 4t = 4y = —%
(e) %(x—m) _ _%X—WEJ—J _ _%x—m

M) L(Va27m) = L(x1+) - (1 + %)x'”"”}“ - 2@ + mVaT o

Derivative Constant Multiple Rule
If u is a differentiable function of x, and c is a constant, then
du

d — -
dx{(‘td‘} = C e

Example 5: Differentiate the equation y = 3x°

Solution: Z—z (3 x%) = 3* 2x = 6x

Derivative Sum Rule

If u and v are differentiable functions of x, then their sum # + v is differentiable
at every point where u and v are both differentiable. At such points,

du , dv

d _
dx(u+v}_dx dx’

Example 6: Find the derivative of the polynomial y = x* + (4/3) x> — 5x + 1.

ion: &= 2,342 (2, 2)_4 4
Solutlon.dx— — X7+ — (3x ) — (5x)+dx(1)

= 3x" + (4/3)*2x -5+ 0




Tikrit University
College of Engineering

Calculus Lectures
Civil Engineering Department

1 st class

Ch.3 Differentiation
= 3x* + (8/3)*2x - 5

Derivative Product Rule

If  and v are differentiable at x, then so is their product wv, and

Example 7: find the derivative of y = (x* + 1) (x* + 3).
Solution:

(a) From the Product Rule we find:
L2+ 6 +3)] = (2 + DED) + (& +3)2) £

=3 + 3+t 4 e
= 5x* + 32 + 6.
(b) This particular product can be differentiated as well (perhaps better) by
multiplying out the original expression for y and differentiating the resulting
polynomial:

y=E+DEP+3)=x"+x+ 1?4+ 3
ay 5

— = 5x* 4+ 3x? + 6.

dx

Derivative Quotient Rule

If  and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

v )
EiT v

o dudv
(_f(ﬂ): dx dx

2_
Example 8: find the derivative of y = ttml
Solution: apply the Quotient Rule:
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dv (£ +1)-2t —(t? = 1)-3¢2

dr (7 + 1)

2 4+ 2 — 3% 4 38
(* + 1)

Y+ 3P+ 2

“.?- n ]}2

Example 9: Find an equation for the tangent to the curve y = x +1/x at x = 2.
Solution:

Atx =2:

y=2+%=5/2

point (2, 5/2)

y=x +§

dy _ () (0 =(1)(1)

vl 1+ B E—

d—yzmz 1—12374
dx 4

(Y —y1) =m (X —Xy)
(y—5/2) = 3/4 (x—2)
(2y — 5)/2 = 3(x — 2)/4

8y —20=6(x—-2)
8y —20=6x—12
8y—-6x—-8=0
y=6/8x+1

Example 10: Find the point on the curve y = x*> + x* — 1 where the tangent is
parallel to the x- axis.

Solution:

Slope = dy/dx = 3x* + 2x

When the tangent is parallel to the x-axis, m = 0.

3X*+2x=0

X(3x+2)=0

X=0or3x+2=0 x=-2/3

atx=0 y=-1
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P, (0, -1)

Atx =-2/3 y=-23/27
P, = (-2/3, -23/27)

Example 11: Does the curve y = x* — 2x* + 2 have any horizontal tangents? If so,
where?
Solution: The horizontal tangents, if any, occur where the slope dy /dx is zero. We
have:
dy/dx = d/dx (x* — 2x* + 2)
= 4x% - 4x

Now solve the equation dy/dx = 0 for x:

4% - 4x =0

4x(x*~1)=0

x=0,1,-1
The curve y = x4 — 2x2 + 2 has horizontal tangents at x = 0, 1 and -1. The
corresponding points on the curve are (0, 2), (1, 1) and (-1, 1)

3.6 Derivatives of Trigonometric Functions
3.6.1 Derivative of the Sine Function

sin(x + h) = sinxcosh + cosxsinh.

If f(x) = sinx, then

. o flx + h) — fix) o sin(x + k) — sinx
flix) = lim = lim derivative defin
h—0 h h—=0 h
(sinxcosh + cosxsinh) — sinx . sinx{cosh — 1) + cosxsinh
= |lim = lim
fi—0 h h—0 h
. : cosh — | . sin h
= lim |sinx-———— | + lim | cosx~
h—0 h h—0 h
: . cosh — 1 . sinh .
= sinx- llm ———— + cosx- lim =sinx-0 + cosx+ 1 = cosx.

h—=0 h h—0 h |
S - - - X Iple 2a an

L .
T limm heorem /, Section 2.4

10
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The derivative of the sine function is the cosine function:

A inx) = coss
dr ENX) = COsX.

The derivative of the cosine function is the negative of the sine function:

i[cnsr} = —sinx
dx ’ o

Example 12: find the derivatives of the following functions:
(a) y = sin x cos x

(b) y — cosx

1-sinx

Solution:

(a)

Y = sinX cosXx:

dy . d i
—— = sIn .‘{'—T[CDSI}I + u:::rs.ri—l[smx}

dx d dx

sinx(—sinx) + cosx(cosx)

7 = 7
COS™X — s8I X

(b)
COSX
1 —sinx’

44
PR Slnl}dT[CDSJ} I:Ds.rﬂ,xll sinx)

dx (1 — sinx)?

(1 — sinx)(—sinx) — cosx(0 — cosx)

(1 — sinx)?
_ | — sinx
(1 — sinx)?
_ 1
l — sinx

11
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3.6.2 Derivatives of the Other Basic Trigonometric Functions

The derivatives of the other trigonometric functions:

t?l 7 (.fl 7
—(tanx) = sec-x —lcotx) = —csc™x

dx ) - dx (

d N ) ) d N ) )
—(secx) = secxtanx —(cscx) = —cscxcotx
dx dx

Example 13: derive the following equations:
y = COS X tan3x

y =tanv3x
— in2(l

y =sin®(2)

Solution:

dy/dx = cos x (sec® 3x *3) + tan 3x (- sin x)
=3 cos x sec® 3x — sin x tan 3x

dy/dx = sec? (3x)¥2* 1 (3x) M2 *3

3 2
= sec“\V3x
2v3x

1
y = (sin ())?
dy/dx = 2 (sin G) X €OS (i) X (—1 x x7%))
dy/dx = 2(sin G) X COS G) X (;—21)

.1 1
= —SIn—-Ccos—
x x x

Example 14: find the point on the curve y = tan x, -n/2 < x < /2, where the tangent

is parallel to the liney = 2 x

Solution:
Slope of the line y = 2x is dy/dx = 2

12
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Slope of the curve y = tan x should be equal to 2 (parallel to line y = 2x)

— 2, 1
dy/ldx—sec X = —
=2
cos?x
cos® x =
- 1_ 4,1
COS X = i\ﬁ = iﬁ
If cosx = — % x out of interval (-rt/2, 7/2)
Ifcosx=% X=mn/4 and X = - /4

Forx=n/4 y=tann/4=1
Forx=-n/4 y=tan-mn/4=-1
The points are (1 /4, 1) and (- 7/4, -1)

3.7 The Chain Rule
The derivative of the composite function f(g(x)) at x is the derivative of f at g(X)
times the derivative of g at x. This is known as the Chain Rule (Figure 4).

Composite f. g
" Rate of change at
xis fg(x)) - g'(x).

/j . f H\\\
s : T\
pa Rate of change s ' Rate of change T~ N
—&—— atxisgix). ———— atg(x)is f{gx)). —
X u = g(x) ¥ = flu) = flglx))
Figure 4

13
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1s differentiable at x, and

(feg)x)=fllgx))-g'(x).

In Leibniz’s notation, if vy = f(u) and u = g(x), then

v _ & du
dx  du dx’
where dv/du is evaluated at u = g(x).

THEOREM 2—The Chain Rule If f(u) is differentiable at the point u = g(x)
and g(x) is differentiable at x, then the composite function (f ° g)(x) = f(g(x))

Example 15: If y = x* + 2x +1, x = 3u® + 1, find dy/du.

Solution:
Method 1: substitute x function in y function:
y=(Bui+1)2+2@Bu?+1)+1
=out+6ul+1+6u+2+1
=9ou* + 12u° + 4
dy/dx = 36u® + 24u

Method 2: Chain Rule

dy/du = dy/dx * dx/du

dy/dx =2x + 2, dx/du=6u

dy/du = (2x + 2) (6u) = [ 2(3u® + 1) + 2] (6u)
= (6u* + 4) (6u)
= (36u°— 24u)

Example 16: Find dy/dt for y = sin (t* + 6) by using Chain Rule
Solution:
Lety=sinuandu=t*+6
dy/dt = dy/du * du/dt
dy/du = cos u, du/dt =2t
dy/dx = cos u * 2t
= cos (t + 6) * 2t
= 2t cos(t* + 6)

14
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3.8 Repeated Use of the Chain Rule
We sometimes have to use the Chain Rule two or more times to find a derivative.

Example 17: Find the derivative of function g (t) = tan (5 - sin 2t).
Solution:

Notice here that the tangent is a function of 5 - sin 2t whereas the sine is a function
of 2t, which is itself a function of t. Therefore, by the Chain Rule:

, d .
= — 5 —
g (1) 7 (tan (5 — sin 21))

= sec’(5 — sin 2:}-%{5 — sin 2f)

= sec?(5 — sin2f)- (O — COS 2:-%(2!))

= sec?(5 — sin2f) - (—cos 2¢) - 2

= —2(cos 2f) sec? (5 — sin 2¢).

Example 18: Show that the slope of every line tangent to the curve y = 1/(1 — 2x)*

IS positive.
Solution We find the derivative:
dy _ d _
o E“ — 2x)
= 301 - 2941 - 2)
= —3(1 — %)% (-2)
_ 6
(1 - 2"
At any point (X, y) on the curve, xzié Y and the slope of the tangent line is :
y 6
dx (1—2x)*

the quotient of two positive numbers.

15
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3.9 Implicit Differentiation

Most of the functions we have dealt with so far have been described by an equation
of the form y = f(x) that expresses y explicitly in terms of the variable x. We have
learned rules for differentiating functions defined in this way. Another situation
occurs when we encounter equations like

XC+y —9xy=0,y’—x=0o0rx*+y*—25=0.

These equations define an implicit relation between the variables x and y. In some
cases we may be able to solve such an equation for y as an explicit function (or
even several functions) of x. When we cannot put an equation F(x, y) =0 in the
form y = f(x) to differentiate it in the usual way, we may still be able to find dy/dx
by implicit differentiation. This section describes the technique.

Implicat Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation and solve for dv/dk.

Example 19:
() If x* + y* = 25, find dy/dx.
(b) Find an equation of the tangent to the circle x* + y* = 25 at the point (3, 4).
Solution:
(a) Differentiate both sides of the equation x* + y* = 25

A e yy o 9
dx{}( +y}_dx{25)

d d .
— (X*) + —(y?) =0
(X<) dx(y}

dx
Remembering that y is a function of x and using the Chain Rule, we have
ey QY L, 0y
dx (¥%) dy (y°) dx 2 dx
dy _
Thus 2X + 2y v 0

16
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Now we solve this equation for dy/dx:
dy/dx = - xly

(b) At the point (3, 4) we have x =3 andy =4, so
dy/dx = -3/4
An equation of the tangent to the circle at (3, 4) is therefore
y—4=-3/4(x-3) or3x +4y =25
Example 20: Find dy/dx if y* = x* + sin xy.

Solution We differentiate the equation implicitly.

7 7 .
¥°=x° + sinxy

d ;o d i 7 d . ) ifferentiats 1d h
a4 /2y, 4 .
1 ) I {x7) + 75 sinx | et 1
{.'JI_I\' - a 3 . reating ¥ as a function of
2_1*5 = 2x + (cos ::.'_1‘}3 I._.T_rJI r and using the ( rule.
dy dy
2_1‘3 = 2x + (cosxp)| v + X Treat xy as a product
dv dv
2v— — (cosxy)|x— | = 2x + (cosxy)y Collect terms with
< dx ( '}( d'.l.') [ ¥). L
dy
(2y — xcosxy)—— = 2x + ycosxy
" o al':ll. 2 e
dv  2x + veosxy
et |
dx 2y — xcosxy '

3.10 Derivatives of Higher Order
Example21: Find d?/dx” if 2x* — 3y* = 8.
Solution:

To start, we differentiate both sides of the equation with respect to x in order to find
y = dy/dx.

17
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A on 3 g2 od
dx (& ) dx (8)
'51_2 _ 6})..- — D [Teat fun I
2
y o= wheny # 0 Solve for y"

We now apply the Quotient Rule to find »".

) g 2 2
w_d (x*\_ & -xy  Ix oxt
Y = \v /)= 2 — Ty T 27

¥ - ¥

. . . 7 w -
Finally, we substitute " = x~/y to express " in terms of x and y.

2 x? ¥l 2x  x*
. i o 3 . 2
V= —-=l5)=-==. wheny = 0 [ ]
: 3 3 3 N .

Example 22: Show that the point (2, 4) lies on the curve x* + y® — 9xy = 0. Then
find the tangent and normal to the curve there (Figure 5).

Solution: The point (2, 4) lies on the curve because its coordinates satisfy the
equation given for the curve:
2°+4°-9(2)(4)=8+64-72=0

To find the slope of the curve at (2, 4), we first use implicit differentiation to find a
formula for dy/dx:

X .
¥4y =%y =10

o3 d 3 dg o d

e (x") + d.r[} ) e (9xy) = :ix'{ﬂ"
2 zi . ﬁ d'_-._ _ hfferentiate both sides
It + 3 i 9(.? il d_r) =0 with respect to x

2

dy 7
{3y — ‘-JJ.‘]'Q,.— +3x =% =10
kY

v
3?7 - 3.1'}L =

dx

dv 3y —x

dx yr— 3

18
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Figure 5

We then evaluate the derivative at (X, y) = (2, 4):
3(4) -2 g

& 8 _4
dx|ny 3 - 3xlpy £ -3(2) 105
The tangent at (2, 4) is the line through (2, 4) with slope 4/5:

y=4+2x-2

_4 12
57T 5

The normal to the curve at (2, 4) is the line perpendicular to the tangent there, the

line through (2, 4) with slope — 5/4:

.
3y — x?

3.11 Parametric Equations
If x =f (t) and y = g (t), then these equations are called parametric equations and

the variable t is called parameter.

dy
dy du ay _ aqu

. LAy _
From Chain Rule: T T @

x=f®).y=g "

L WA e 15t derivative for parametric equation
dx dx/dt

19
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For second derivative:

a’y _ dy/at - _ dy
dx2z  dx/dt’ ¥ dx
, 4y
d . . . .
Or =2 = &9 the 2" derjvative for parametric equation

dx2  dx/dt
Example 23: ify = 2t + 3, x = t /(t-1), find dy/dx

Solution:
dy dy/dt
dx dx/dt
dy/dt = 6 t°
_ t-D-t@) _ -1
dx/dt = T = oo
6t2

dy/dx =—
(t-1)2

dy/dx = — 6t* (t— 1)

Example 24: If a point traces the circle x* + y* = 25 and if dx/dt = 4 when the point
reaches (3, 4). Find dy/dt

Solution:
dy dy/dt
dx dx/dt

X +y* =25 2x+2y(dy/dx)=0  dy/dx =-xly
At point (3, 4) dy/dx =-3/4
-3/4 = 2%

4
dy/dt = - 3

Example 25: If x = cos 3t , y = sin 3t, find dy/dx, d?y/dx?
Solution:

dy dy/dt

dx dx/dt

dy/dt = 2 sin 3t (cos 3t).3 = 6 sin 3t cos 3t

dx/dt = - sin 3t .3 = -3 sin 3t

d 6 sin3t cos3t
—y=—,=-20083t=-2X
dx -3 sin3t

20
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d (dy\ _ i . — (i
2 (%) == (~2cos 3t)= -2 (- 5in 31).3
d?y  —-2(-sin3t).3 _
= : =-2
dx? —3sin3t
Or dy/dx = - 2x
d?y/dx? = -2
when dy/dx with respect to x.

21



