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CHAPTER 7

TRANSCENDENTAL FUNCTIONS

A function that is not algebraic (cannot expressed in terms of algebra) is called
transcendental function.

The transcendental functions are:

1. Trigonometric functions

2. Inverse trigonometric functions
3. Logarithmic functions

4. Exponential functions

7.1 Inverse Functions

A function that undoes, or inverts, the effect of a function f is called the inverse of
f.

One-to-One Functions
A function is a rule that assigns a value from its range to each element in its
domain. (i.e for each value of x, there is only one value of y)

For example: y = x° one-to-one function
y=4x -2 one-to-one function
y =X not one-to-one function

Some functions assign the same range value to more than one element in the
domain.
The symbol for the inverse function is f ™

x = [y =T —x =)
e Only one-to-one function have inverse.
Finding Inverses
To find the inverse of a function f(x):

1. Express x in terms of y (x = f(y))
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2. Interchange x and y in the formula of step 1, we get the function g(x) which

is the inverse of f(x).
3. Checking the inverse function by finding f(g(x)) and g(f(x)), if f(g(x))=

g(f(x))=x, the f(x) and g(x) are inverses of one another.

Example 1: Find the inverse of y = %x + 1, expressed as a function of x.

Solution:
1. Solve for x in terms of y:

-1 +1
y—zx

2y =X+2
X=2y-2.

2. Interchange x and y:

y=2x-2
The inverse of the function y = %x + 1 is the function f*(x) = 2x — 2. (Figure 1)
3. To check, we verify that both composites give the identity function:
f%mmzzex+1)—z=x+2—z=x

(' )=;@x—2)+1=x-1+1=x

Figure 1
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Example 2: Find the inverse of y = x/4 + 3

. +12 . .
Solution: y = xT, y is one-to-one function

1. Find x = f(y)
dy=x+12 X =4y —12 =1(y)

2. y=4x-12
3. Check: f(x) =22, g(x) = 4x— 12
4x — 12 12
Floe =D,
12
90 =4(F25) ~12 = x = fg(0)

g(x) is the inverse of f (x)

7.2 Derivatives of Inverse Functions

We calculated the inverse of the function f(x) = %x +1as f1(x)= %x +1in
Example 1. If we calculate their derivatives, we see that:

400 (1r 1)

L= Lax- =2
@ == (x—2) =

The derivatives are reciprocals of one another, so the slope of one line is the
reciprocal of the slope of its inverse line.

Example 3: Let f(x) = x> — 2. Find the value of df */dx at x = 2 without finding a
formula for f*(x).

Solution:
df/XmX:2:3 X2|X:2: 12
df Y/dx | x=2= 1/ (df/dx | x=2)=1/12
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see Figure 2

¥y 1
' y=x'-12

- (2.6)% Slope 3r =32 =12

oh

| Reciprocal slope: ll_"
| I i
- (f, 2)

Figure 2

7.3 Logarithmic Functions
If a is any positive real number other than 1, the base a exponential function
f(x)=a" is one-to-one. It therefore has an inverse. Its inverse is called the logarithm

function with base a.
DEFINITION: The logarithm function with base a, )= log, x; is the inverse of]

the base a exponential function y=a"(a>0, a# 1).

The domain of log,x is (0, ) = the range of a".

The range of log, X is (oo, o0) = the domain of a.
Figure 3 shows the graphs of four logarithmic functions with a > 1.
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Figure 3

Figure 4 shows the graph of y = log, x.
The graph of y = a*, a > 1, increases rapidly for x > 0, so its inverse, y = log.x,
increases slowly for x > 1.

———""'_,’jlllll
0

Figure 4

We can obtain the graph of y = log.x by reflecting the graph of the exponential y =
a*across the line y = x.
Logarithms with base 2 are commonly used in computer science. Logarithms with
base e and base 10 are so important in applications that calculators have special
keys for them. They also have their own special notation and names (Figure 5):
logex s written as In x.
10910 X IS written as log x.

8- _'\c:c""

T

e (1, &)
/ ——
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Figure 5

The function y = In x is called the natural logarithm function, and y = log X is
often called the common logarithm function. For the natural logarithm,

Inx=y « &'=x

In particular, if we set x = e, we obtain

Ine=1

Because el = e
ex 271828

7.4 Algebraic Properties of the Natural Logarithm
For any numbers b > 0 and x > 0, the natural logarithm satisfies the following rules:

1. Product Rule: Inbx=1Inb+Inx

2. Quotient Rule: Inb/x=1Inb-Inx

3. Reciprocal Rule: In1/x=-Inx  (Rule2withb=1)
4. Power Rule: InX"=rInx

Example 4: Here are examples of the natural logarithm properties:

a. In4+Insinx =1In (4 sinx)
b. InZ= = In(x + 1) - In(2x — 3)

2x-3
1

c. In-==—-1In8
8

= In22=-3In2
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Because a* and log, x are inverses, composing them in either order gives the

identity function:

Properties for a* and log, x:

loga x

1.Basea: a =X, log,a* = x a>0a#1, x>0

2.Basee: e"*=x Ine‘=x x>0

To explain:
1. a* = eln@®
— exlna

— e(lna)x
2 72X — o(In2)x — ,xIn2

3. 573% — o(In5)(=3x) — ,-3xIn5
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7.5 Definition of the Natural Logarithm Function (In x)
The natural logarithm of a positive number X, written as In x, is the value of an

integral:

= area under the curve y = 1/t and bounded by lines t = 1 and t = x(Figure 6)

¥

x >0

X
1
Inx = | —dt,
t
1

I| If0-= -1, tthlnr_/ sdit = — —f.".f
|
\
'| gives the negative of this area.
.'r -
Ik\ / Ifx=1, thenlnx =/ %ﬂ'r -
: / gives this area. I'\: Inx
- |/ -
I I 1
| | — V= =
o0 - '
1 [ 1
0 x /1IN x
/N .
[/ Ifx=1theninx =/}¢n — 0.
|
|
[y=Inx
|

Figure 6

Ifx=1 Inl= f dt—O
Forx>1 Inxis+ve
For0<x<1 Inxis—ve

Lim,_,, InX=o0,

Lim,,," InX=—o0
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Inx = | —dt
t
1

d1 1

dxnx_x

Ify=Inu, u=1(x)

d _dy du 1 du

dxnu du dx u dx
1 _1_du
dx YT U dx
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1
f—du =Inju]+c¢
u

Example 5: Find dy/dx for the function y = x* In (4x)

ion: & — 2 (L.
Solution: =X ( 4) + In(4x). 2x

4x

=X+ 2xIn (4x) =x (1 + 2In (4x))

Example 6: y = In (tan x + sec x), find dy/dx

Solution:

dy 1
dx tanx+secx
__ Secx(secx+tanx)

= = Secx
secx+tanx

fsecx dx = In|secx + tanx| + C

[sec?x + secx tanx]
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Solution: letu=x%+3

du = 2x dx
X dx = du/2
jld” O il +C = hnjx2 +3] + ¢
w2 " 2) g TpmuTe =S

Example 8: Evaluate [ — dx

Solution: =— =1 — —
x+1

j x1dx_f(1_xi1)dx

jdx—f =x—Inlx+1|+C
x+1

Note: sometimes we need (In x) to find the derivative of functions that involve
products, quotient and powers quickly.

Example 9: If y = (Vx + 3)(sinx cosx), find dy/dx
Solution: Iny = ln(\/x + 3)(sinx coSx)

Iny = Invx + 3 + In(sinx cosx) = In (x + 3)/? + Insinx + In cos x

Iny=%1In(x+3)+Insinx+ Incos x

1 dy 1( 1 ) 1 + 1

; 213 (cos X) ( sinx)
Lay_ 1 + cotx —t

y dx 2(x+3) corx —ranx

10
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dy 1

T y[m + cotx — tan x|

. fi 5 — /ﬂ
Example 10: find dy/dx for y> = )10

Solution:
s (G @D
(x + 2)10 (x + 2)°
(x + 1)5/2
5 — ———————
Iny> =1In G+ 2"

5Iny = In(x + 1)5/2 — In(x + 2)°

5
5Iny=>In(x+1) —5In(x+2)

1
Iny=>In(x+1) - In(x+2)

1 dy_l( 1 ) 1 1 1 x+2-2(x+1)
y dx 2\x+1 (x+2)_2(x+1) (x+2) 2(x+1D(x+2)
1 dy —X

y dx  2(x+1)(x+2)

dy —Xy

dx 2+ D(x +2)

7.6 The Integrals of tan x, cot x, sec x, and csc X

sinx —du
tanx dx = dx = | —
COS X u

= —In|u| + C = —In|cosx| + C

11
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= In + C = In|secx|+ C
|cos x|
CoS X du
cotxdx = —dx = | —
Sin x u

= In|u| + C = In|sinx| + C

= —In|cscx| + C

(secx + tanx) sec’x + secxtanx
secxdx = | secx dx = dx
(secx + tanx) secx + tanx

du
— f7 = In|u| + C = In|secx + tanx| + C

(cscx + cotx) csc?x + cscx cotx
cscxdx = | cscx dx = dx
(cscx + cotx) cscx + cotx

—du
— _IT = —In|u| + € = —In|cscx + cotx| + C

7.7 The Inverse of In x and the Number e

The function In x, being an increasing function of x with domain (0, «) and range (-
o0, o0) has an inverse In"x with domain (-c0, o) and range (0, «). The graph of In™x
is the graph of In x reflected across the line y = x, as you can see in Figure 7.

8- y=Inx
or
- x=Iny

Figure 7

12
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The function y = In™x is also denoted by exp x

The function y = exp x is the inverse of y = In x

In (expx) =x,  forall x

exp (In(x)) =x, forx>0

The number e was defined to satisfy the equation In (¢) = 1, so e = exp (1).
We can show that In"x = exp x is an exponential function with base e:
Fore* Ine*=xIne=x(1)=x

Ine*=1 and In (exp (X)) = x

exp (x) = ¢*

Laws of Exponents for &*

For all numbers x, x; and x,, the natural exponential * obeys the following laws:

1. e¥l.pX2 — pX1+x2
1
—x —
2. e ==
1
3 e* — ,x1-x2
' ex2

4. (e¥1)x2 = g¥1x2 = (gx2)x1
Notes: 1. To remove logarithms from an equation, exponentiate both sides.

2. To remove exponents from an equation, take logarithm from both sides.

13
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Example 11: Find y for the following equations:

1. Iny=x
2. In(y—2) =In(sinx) —x

Solution:

1. Iny=x
eIny - ex2

y:ex2

2. In(y—2)=In(sinx) —x
In(y—2)—In(sinx) =X
y—2
— = —X
Sinx
-2
elnsyinx =e"
y—2 _
sinx
y=e *sinx + 2

In

X

e—x

7.8 The Derivative and Integral of e
y=¢

Iny =In¢*

Iny =x

1d
Ldy_
y dx

dy
dx

d
oL pX = X ieu udu

dx dx dx

14
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The integration of e”;

feudu=eu+C

Example 12: Find dy/dx for the function y = etn*

. d
Solution: Eeta“x = elNX . goc2y

Example 13: Evaluate f_olnx(aﬂ) e ™™ dx

0 (0 - _ (210
Solution: [~ e == [ e (mdx) =[-e 1 qu
— _[eO _ e—(—lnx(a+1))] — _[1 _ (a + 1)] —

In2 24

—; dx

Example 14: Evaluate [,

In2 24

Solution: [,"* 22 dx 24[“‘2 Wy =2 (%3 3dx

0
— 8[e3x]{)n2 — 8[631n2 _ eo] — 8[eln23 _ 1]

=8[2°-1]=64-8=56

2
Example 15: Evaluate |~ xcllr):x

Solution: let u = In X — du = (1/x) dx
Upper Limit=Ine?=2Ine=2

Lower limit=Ine=1

2
du
— = [In]ul]?
u

1

=In2-In1=In2-0=1In2

15
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Example 16: If y = x® e cos 3x, find dy/dx
Solution: y = x* e cos 3x
Iny =In (x* e cos 3x)
Iny =In (x* % cos 3x)
Iny =Inx®+ In e + In cos 3x
Iny=3Inx-2xIne+ Incos 3x

Iny =3 Inx-2x + In cos 3x

1
cos 3x

1_dy
y dx

=3--2+ (=3 sin 3x)

Z—z= ()3—6—2—3tan3x).y

= (z —2—3tan 3x) x3e™?* cos 3x
Example 17: Find the maximum value of f(x) = x? ln%

. 1 _
Solution: y = x? In-= x?Inx™! =—x%Inx

dy

— = —x? G) +Inx (—2x) = —x —2xInx = —x(1 + 2Inx)

To find maximum value:
dy/dx=0—>-x(1+2Inx)=0
x=0—>x=0

1+2Inx=0—Inx=-(1/2)

For x = 0, the function is not defined [0 * In 1/0 =0 * 0]

16
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—ar_ 1
Forx=e " = NG
1 . .
Atx = = the function has local maximum value
2 1
1 1 - 1 1 1
= — = — | — . 2 = — =" — = = —
At x N (\/E) Ine . 2lne >

At the domain of f(x) is x > 0 and at x > ie the function decreasing, then y = 1/2e

is absolute maximum value.

7.9 The General Exponential Function a*

Since a = €™ for any positive number a, we can think of a* as (e")* = ™. We
therefore make the following definition:

For any numbers a > 0 and x, the exponential function with base a is given by

ax — exlna
Laws of exponents:
1. a* +a¥ = a*tY
a* _
2. a_y =a*Y
3. a*=—
ax
4. (a*)Y = a* = (a¥)*
Derivative of y = a*
y=a'
Iny =Ina*
Iny =xIna
(1/y) (dy/dx) =Ina
(dy/dx)=yIna=a‘Ilna
—a*=a"lna @
dx dx

17
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The integral equivalent of this last result is

au
J adu=—+C
Ina
7.10 Logarithms with Base a
If a is any positive real number other than 1, the function a” is one-to-one and has a
nonzero derivative at every pont. It therefore has an inverse. Its inverse is called the
logarithm function with base a.

For any positive number a # 1, the logarithm of x with base a, denoted by log, X,
is the inverse function of a*.

The graph of log. x can be obtained by reflecting the graph of y = a* across the 45°
line (Figure 8).

[E*]

Figure 8

When a = e, we have log. x = inverse of € = In x. Since log, x and a* are inverses
of one another, composing them in either order gives the identity function.

Properties for a* and log, x:

1.Basea: a'®*=x, log,a"=x a>0 a1 x>0

18
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2.Basee: e =x Ine‘=x x>0

Rules for base a logarithms
For any numbers x >0 and y > 0,
1. Product Rule:

log, xy =log, x +log,y
2. Quotient Rule:

X
loga; = log, x —log,y
3. Reciprocal Rule:
1
loga; = —log,y

4. Power Rule:
log, x¥ = ylog, x

7.11 Derivatives and Integrals Involving log, x

Calculus Lectures
1 st class
Ch.7 Transcendental functions

d(l )_d(lnu)_ 1 d _ 1du
dx 28 = \lna) " hadx nu) " lna udx
(l W = 1du
08a U Ina udx
Example 18:
3
a. —10g10(3x +1) = In10 3x+1 dx( x+1) = (In 10)(3x+1)

logpx , _ 1 rlnx _Inx
b. [ » dx—lr12 ” dx (10g2x_1n2)
=—fudu  (u=Inx du=(1/x)dx)
1 1 (lnx)2 (Inx)?2
=——+C =— +C =
In2 2 In2 2In2

19
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Example 19: Evaluate flﬁ 2% x dx

Solution:
fzxz dx = 227"
X ax= 21In2 L

1
E_E [an] In2

Example 20: Find dy/dx for y = -

082 X
Solution:

d -1
y = (log; )™ > 2 = —(log, 1) (=) =

x1In2(log, x)?

20
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7.12 Inverse Trigonometric Functions

The inverse trigonometric Functions are used to find the angles from the triangle
sides. They also provide antiderivatives for a wide variety of functions.

The six basic trigonometric functions of a general radian angle x were reviewed.
These functions are not one-to-one (their values repeat periodically).

However, we can restrict their domains to intervals on which they are one-to-one.

1. y=f(x) =sin™x
y =sin X (— o <X < 00) is not one-to-one
The sine function increases from -1 at x = — 7/2 to +1 at x = 7t/2.
By restricting its domain to the interval [- /2, ©/2] we make it one-to-one, so that
it has an inverse called sin™x.
y=sin?x (arcsinx) < x=siny
sin™ (sin x) = x, sin (sin™ x) = x
Note: sin™ x # (sin x)™*

y

5im x ®
~ _
/| i,
.,r"f | ) ;;' y = sin~lx
! | - 1 1 ¥
_T’-' / 0 % -1 y 1
T, ;
| r | i
Domain: — /2 <x<m/2 Domain: —1<x<1
Range: -1 <y<1 Range: —n/2 <y <m/2
2. y=f(x)=cos?x
¥ y
I . CO8 X 7
1-.__‘- '-..x y = cos -
.
‘J_‘_ | T | T
0 T T 2
Y | %,
B m'-. I \"'\.
M, ' & T

21
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Domain: 0 <x<m/2
Range: -1 <y<1

3. y=f(x) =tan™x

= 1

rals -

Sy
"y

,

Domain: — /2 <X <m/2
Range: —wo <y <w

4. y =f(x) = cot’x

Domain: 0 <x<m/2
Range: — o <y <o

Calculus Lectures

1 st class

Ch.7 Transcendental functions
Domain: -1 <x<1
Range: 0 <y <m/2

Domain; — oo <X <o
Range: — /2 <yx<m/2

Domain: —oo < x < o
Range:0<y<m

22
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5.y =f(x) = sec™ x

¥ 560 X
III
/1
il ¥V
/ | '
= T
| R - y = sec
0 s T —_ 2
1 ________ e —
[ | —~ L
[ f-"'-
: -'f f 1
i a— =2
Domain: 0 <x<m (X #w/2) Domain: x<-1or x>1
Range: —oo<y<-1,1<y<wo Range: 0 <y <= (y # n/2)
6. y=f(x) = csc™x
Y cscx
| \ |
| \ |
| o y
AN
: ! T Vy=csclx
T 0 T 1 N—_
~ [ i —— 3
| Y I
| 4 | -
o V-1-2
Domain: — /2 <x < /2 (X # 0) Domain: x<-1or x>1
Range: —oo<y<-1,1<y<w Range: — /2 <y <m/2 (y #0)

These restricted functions are now one-to-one, they have inverses, which we denote
by:

23
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or y = arcsin x
Or y = arccos X
ory = arctan x
or y = arccot x
Or y = arcsec X
Or y = arccsc X

y =sin™ x
y = cos™ x
y = tan™ x
y = cot™ x
y =sec™ x
y =csc™t x
.
o

e

@ hose

IE
.

f
|

sine is x|

Arc whose sine 15 x

%,

s Arc whose
% cosing is x

1
>

i

.

.

0

. X
]
Angle whose |

cosine isx

V3

Example 21: Evaluate (a) sin™! (7

Solution:
(a) we see that

. 3
Because smg (\/2—_

function. See Figure 9

) and (b) cos~! (— %)

) and m/3 belongs to the range [-m/2, /2] of the arcsine

(b) We have cos™! (— %)

24
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Because cos (2n/3) = - ' and 2n/3 belongs to the range [0, ©] of the arccosine

function. See Figure 10.

NV

T cos |

]

[

Figure 10

Example 21: If § = sin™?! ? find sin 6, sec 0, cot 6

Solution: sin 6 = ? [sin @ = sin(sin~! Vz_g)]

9—1

coSs =3
_1_
secH—T—Z

2

to 1
cotfd = —
V3

Identities Involving Arcsine and Arccosine
(1) As we can see from Figure 11, the arccosine of x satisfies the identity

cos™ x +cos™t (-X)=mn

cos l{—x)
I
\\\\_ _ /PeosTx

/| N A

I N, //"-.--"i: |

| L 1
1l—=x 0 x |l

1\ /

25
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Figure 11
(2) Also, we can see from the triangle in Figure 12 that for x > 0,
sin! x + cos™ x = /2
tan™ x + cot™ x = n/2

sectx + csct x = m/2

Figure 12

(3)sec™ x = cos™ (1/x)
csct x = sin™ (1/x)
cot™ x = tan™ (1/x)

7.13 Derivatives of Inverse Trigonometric Functions

1. The derivative of y = sin™ x

y =sin™® x — sin y = sin (sin® x) — siny = x

X=siny —1=cosydy/dx — dy/dx =1/cosy

sin’y + cos’y =1 — cos’y =1—sin’y — cosy = +,/1 — siny

but sin’y = x* — cosy = +V1 — x2

Lo _orL(sinlx) = ———
dx  Vi-x%  dx =
Ify=sinty 2 =2%
"dx  dudx
d 1 du
—sin" ' u = :
dx V1 —u2 dx

26
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Derivatives of the inverse trigonometric functions

d(sin~1u) 1 du
= —, |u] <1
dx V1 —y2dx
d(cos™u) -1 du
= —, |u] <1
dx V1 —y2dx
dttan™"u) 1 du
dx 1+4u?dx
d(cot™tu) -1 du
dx 1+4u?dx
d(sec™tu) 1 du
dx lulVu?z — 1dx
d(csctu) -1  du
= lul >1

dx  |uWuZ—1dx’

Example 22: Find dy/dx for the function y = x sin™*+v/x + Vx — 1

1

V1i—-x

. d 1 -1 . 1 -
Solutlon:ﬁzx( )-Ex 2 + sin 1&(1)+5(x—1) 1/2

X 1
=————+sin" Ve + ——
2vVxV1 — x 2vVx — 1

Example 23: If y = tan™! % find dy/dx

H 1-x - a 1 du
Solution: letu = — — y = tan 1y -2 = au
1+x dx 1+u? dx
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dy _ 1 (1+x)(-1D)-(1-x)(1) _ —1-x—-1+x

- 1—X. 2 - Z1(1—2)2

xR’ (1+) ) (14x)?

dy —2(1 + x)? -2

dr [A+202+(A-x)]1+%2 [A+x)2+1-x2)]

7.14 Integrals of the inverse trigonometric functions

f du in"tu+C
————=sin"tu
V1 —u?
j —du “ly+4C
————=cos 'u
V1 —u?
du 1
j 1T 12 =tan "u+2C
—du 1
_[1+u2 =cot u+C
du f d(—u) 1 1
B =sec |u| + C = cos™?! —|+C
ju u? -1 (—u)Vu? -1 u
—du j —d(—u) X 1
R =csc u|+ C =sin?! —|+C
.[u\/u2 -1 (—wvu? -1 u

dx
V9—x2

Solution: V9 — x2 = /9(1 _X_:) =3 /1 — (g)z

Letu=x/3 ->du=1/3dx — dx =3 du

Example 24: Evaluate [
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f 3du du - L (X
= =sin""u + C = sin (—)+C
3W1—uz V1-u? 3
Example 25: Solve xvVx2 — 1= = /1 — y2, y=—% when x = 2.

e
Solution: xVx2 — 1dy = /1 —y dx—>fx -

=[=
J1i-y?
ec’l|x|+C =sin"ly — cos™? |§| +C =sin"ly

Atx=2,y=—Y% —cos™?! (%) + C = sin™? (—%)

t/3+C=—n/6 >C=—7n/6 —1/3=—1/2
1

X

-1

sin"!y = cos 5

‘ T

V2/2 xdx

Example 26: Evaluate [~ =—

Solution: let u = X2 — du = 2x dx — x dx = du/2

1

V2 2
UL =) =-=1 L.L.=(0)*=0
1/2 1/2
0.[2\/1—112_50[ V- u?

= [sin " % -sin" 0] =% [1/6 — 0] = /12

_1 1/2
=3 [sin™tu],

1\/_edx

eZX

Example 27: Evaluatef

Solution:

Let u =e* — du = e* dx
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1+e*=1+ () =1+U°

UL =eV3 =43 LL=¢"=1

du
1+u?

= [tan™?! u]‘l/§ = [tan"*v3 —tan"1 1]

H\a‘

=n/3 -n/4d=n/12
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