Tikrit University Calculus Lectures

College of Engineering 1 st class
Civil Engineering Department Ch.8 Techniques of Integration
CHAPTER 8

TECHNIQUES OF INTEGRATION

The Fundamental Theorem tells us how to evaluate a definite integral once we have
an antiderivative for the integrand function. Table 8.1 summarizes the forms of
antiderivatives for many of the functions we have studied so far, and the
substitution method helps us use the table to evaluate more complicated functions
involving these basic ones.

In this chapter we study a number of other important techniques for finding
antiderivatives (or indefinite integrals) for many combinations of functions whose
antiderivatives cannot be found using the methods presented before.

TABLE 8.1 Basic integration formulas
1. /ﬁ.‘ de=lkx+C (any number k) 12. [tan xdy = In|secx| + C
" t.J'H-I i
2. iy =——+C (n=—1) 13. cotxdxy = In |sinx| + C
n+ 1 .
" dx
3 S =In|x| +C 14. secxdx = In|secx + tanx| + C
4. ]e-"(f.r ="+ C 15. [csc.l.‘ dx = —In|cscx + cotx| + C
5. /ax dx = ]i—:z + C (a=0,a#1) 16. /sinh_r dx = coshx + C
6. / sinxdx = —cosx + C 17. [coshm’x = sinhx + C
7. / cosxdx = sinx + C 18. _dx sin' () + ¢
J Vet - &7 “
8. ’xdx = tanx + C x _ 1. i(x -
j sec” x dx an x 19, [ i tan (a) s
9. / csc-xdy = —cotx + C 20, [ - :;".r llser" :_r +C
JoxVx— at
10. / secxtanxdy = secx + C ’1 [ if.\' — sinh™! (:_r) +C (a > 0)
J Na®+x®
11. cscxcotxdy = —csex + C
./ 22. [ N fh = = cosh ! ((—i) +C (x=a=0)
. X —a*
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8.1 basic Integration Methods

1. Substitution Method

Example 1: Evaluate [ V1 + x2 - x°dx
Solution:

f\/1+x2-x5dx=j\/1+x2-x4-xdx

Letu=1+X—du=2xdx — dx =du/2

X=u—1—x"= 0% =(u-1)»*

\/ﬂ-(u—l)z-d—u=1 u%-(u2—2u+1)du
2 2

N
N| U1

= 2 [ — 205 + ) = = [ou — i3 + 23] + C
—Ef(u u u)u—2[7u 5u 3u]

1 2 5 1 3
=7(1+x2)7/2 -=Q + x2)2 +§(1+x2)2 +C

2. Completing the Square

To write the function (ax* + bx + ¢) in the form (a u® + k)
a. Factor out a from first two terms — a (xz + gx) +c
b. Add and subtract the square of half coefficient of x

1 b\* b2
(2 a)  4a?

2

. -b
c. Bring out the ey

b P AW
alx ax 4a? a 4a? c
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2+b +b2 + b (+b)2+ b “+k
alx —XT— C——|=al|lX +— c—— | =au
a 4q? 4a 2a 4a
. b b?
where:u=x+—k=c——
2a 4a
d
Example 2: Evaluate [ ——
X2+2x+2

Solution:

2
ax2+2x+2:au2+k;u=x+%,k=(c—b—)

4a
b\* b2
a<x+%> +<C_E>
a=1b=2c=2

+b—(+ ° )— +1
P LR svry A G

(C_£>=<2_42><21>=(2_§>=1

j dx _j dx
x24+2x+2 ) (x+1)2+1

Lletu=x+1—>du=dx— [ =tanlu+c=tant(x+1)+¢

du
uz+1

3. Expanding a Power and using Trigonometric Identity

Example 3: Evaluate [(secx + tanx)?dx

Solution:

= f(secz x + 2 secxtanx + tan® x)dx
= f(secz x + 2 secxtanx + (sec? x — 1))dx

= f(Zsec2x+ 2 secxtanx — 1)dx = 2tanx + 2secx —x + ¢
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4. Reducing an improper fraction
Improper fraction is the fraction with degree of numerator equals or greater than the
degree of denominator. The long division is used to integrate this fraction.

. dx
Example 4: Evaluate f—i/?—\/i

Solution: letx=u® > dx =6 U° - Vx = (u®)Y/3 = u?

\/} — (u6)1/2 = us
f 6u’du —6f uwdu 6J ud y
T 20— T~ [improper fraction]

p —uldu j‘u3du
) -1-uw u—1
1
=—6j(u2+u+1+—>du
u—1

1 1
=—6[§u3+5u2+u+ln|u—1|]+c

1 1
=—6[§x/§+§i/§+ i/}+ln|i/§—1|]+c

5. Separating a Fraction

3
Example 5: Evaluate fxx—+3dx
Solution:

x3+3 3
j dx=j<x+—>dx
X X

1
= Exz + 3ln|x| + ¢

6. Sequences of Substitutions

Example 6: Evaluate f\/l + sin?(x — 1) - sin(x — 1).cos(x — 1)dx
Solution:
Letu=sin (X—1) — du=cos (x—1) dx

j\/1+u2-u -du
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Letv=1+u?>—>dv=2udu— udu=dv2

f\/_ j dv=%<§)v3/2+c

1
= §v3/2 +c ——(1 +u?)3/2 4+ ¢ —§[1 +sin?(x—1D]¥2+¢

8.2 Integration by Parts

Integration by parts is a technique for simplifying integrals of the form

j FG)g(0dx

It is useful when f can be differentiated repeatedly and g can be integrated
repeatedly without difficulty.

If u="f(x) and v =g(x)—>;—x(uv) _

dx dx
In general d (uv) =udv+vdu
udv=duv)-vdu—Judv=ldwv)-[vdu

judvzuv— fvdu

Formula for integrating by parts

Note:
1. (u) is chosen in which can b differentiated repeatedly to become zero, or
chosen in which can be appear repeatedly after differentiation.
2. (dv) is chosen in which can be integrated repeatedly without difficulty.

Example 7: Find

f xcosx dx
Solution:
We use the formula [udv=uv— [vdu

u=x, dv = cos x dx,
du = dx, V = Sin X,



Tikrit University Calculus Lectures

College of Engineering 1 st class
Civil Engineering Department Ch.8 Techniques of Integration
Then

fxcosx dx=xsinx—fsinxdx=xsinx+cosx+C

Example 8: Find

j Inx dx
Solution:

Since [ Inx dx can be written as [ Inx - 1 dx, we use the formula [udv =uv —
[vdu

u = In x (simplifies when differentiated) dv=dx (easyto integrate)
du = (1/x) dx v =X (simplest integration)

Then f[udv=uv— [vduwill be:

1
jlnxdxlenx—jx ;dx=xlnx—jdx=xlnx—x+€

szex dx

Solution: fudv=uv— [vdu
u=x? dv=e"dx,
du=2xdxand v =¢"

then :

Example 9: Evaluate

szexdx=x2ex—2jxexdx

We need to repeat the integration by parts for the right term ([ x e* dx) with:
u=x, dv=-e*dx,

du=dx andv=¢"

then:

fxexdxzxex—Jexdx=xex—ex+C

Using this last evaluation, we then obtain:
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fxzexdx=xzex—2fxexdx

= x%e* — 2xe* +2e* + C

Example 10: Evaluate

jex cosx dx

Solution:
Let u =¢€* and dv = cos x dx
Then du=¢e*dx, v=sin X,

e*cosx dx = exsinx—jexsinx dx

The second integral is like the first except that it has sin x in place of cos x. To
evaluate it, we use integration by parts with
u=-¢e" dv=sinxdx, du=¢e*dx,v=-cosx,

j e*cosx dx = e*sinx — (—ex COS X — f (—cosx)(e* dx))
=e*sinx +e*cosx — | e*cosx dx

The unknown integral now appears on both sides of the equation. Adding the
integral to both sides and adding the constant of integration give:

Zjexcosx dx = e*sinx +e*cosx + C1

Dividing by 2 and renaming the constant of integration give

X e*sinx + e* cosx
e*cosx dx = >
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8.3 Tabular Integration
This integration is used when the integration by parts required many repititions

Example 11: Evaluate

J X% e* dx
Solution:
With f(x) = x? and g(x) = €*, we list:
f(x) and its derivatives g(x) and its integrals

X e
2X e
2 e
0 e

We combine the products of the functions connected by the arrows according to the
operation signs above the arrows to obtain

[xetdx=x2e*—2xe+2e +¢

Example 12: Evaluate

J X3 sin x dx
Solution:
With f(x) = x* and g(x) = sin x, we list:

f(x) and its derivatives g(x) and its integrals
x> sin x
3x? —COS X
6X —sin x
6 COS X
0 sin X

[ x3sin xdx = — x% cos x + 3x° sin X + 6X COS X — 6 Sin X + C
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8.4 Trigonometric Integrals
Trigonometric integrals involve algebraic combinations of the six basic
trigonometric functions. In principle, we can always express such integrals in terms
of sines and cosines, but it is often simpler to work with other functions, as in the
integral

[sec?xdx=tanx + ¢

The general idea is to use identities to transform the integrals we have to find into
integrals that are easier to work with.

8.4.1 Products of Powers of Sines and Cosines
We begin with integrals of the form:

[ sin™ x cos" x dx,
where m and n are nonnegative integers (positive or zero)

Case 1: mis odd
Save one sine factor and use sin? x = 1 — cos? x. Then substitute u = cos x

Example 13: Evaluate
| sin® x cos® x dx

Solution:
[ sin®x . cos? x dx = | sin x . sin* x . cos? x dx

=[sinx . (1 - cos® x)? . cos® x dx
Letu=cosx — du=-sinxdx —sinxdx =-du
=—J(1-u?)% vidu=—](1-2u"+u. u’du
=—JW?=2u"+u®)du=—[1R) U’ - (2/5) v+ (LT)u'] +¢c

=— (1/3) cos® x — (2/5) cos> x — (1/7) cos’ x + ¢

9
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Case 2: n is odd
Save one cosine factor and use (cos® x = 1 — sin® x). Then substitute u = sin x

Example 14: Evaluate
J cos® x dx

Solution:
[ cos®xdx =] cosx.cos*xdx=]cosx (1L— sin?x)? dx

Let u =sin X — du = cos x dx

Ja-u?)du=—](1-2v*+u")du=u—(2/3) u*+ (L/5) U’ +¢
=sin x — (2/3) sin®x + (1/5) sin® X + ¢

Case 3: m and n are even

. 1—cos2x
Use: sin’x =

1+4+cos2x
2

cos’x =

Example 15: Evaluate | sin? x cos® x dx

2
- . 1— 2 1+ 2
Solution: | sin® x cos® x dx = ( “2’5 x) : ( C(Z’S x)  dx

=1/8 ] (1 —cos 2x) . (1 + 2 cos 2x + cos” 2x). dx
=1/8 ] (1 + cos 2x — cos” 2x — €os® 2x). dx
Now: [ cos® 2x dx = (1/2) [ (1 + cos 4x) dx = (%) [x + (1/4) sin 4x]
J cos® 2x dx = (1 —sin” 2x) cos 2x dx
Let u = sin 2x — du = 2 cos 2x dx — cos 2x dx = du/2
= (1/2) J (1 - u?) du = % [u — (1/3) u®] = ¥ [sin 2x — (1/3) sin® 2X]

| sin® x cos® x dx = (1/8) [ x + (1/2) sin 2x — (1/2) (x + (1/4) sin 4x) — (1/2) (sin 2x —
(1/3) sin*2x] + ¢

10
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= (1/8) [ x + (1/2) sin 2x — (1/2) x — (1/8) sin 4x — (1/2) sin 2x + (1/6) sin®2x] + ¢
= (1/16) [ x — (1/4) sin 4x + (1/3) sin®* 2x + ¢

Note: if both m and n are odd, use either Case 1 or Case 2.

8.4.2 Products of Sines and Cosines
The integrals
Jsin mx sin nx dx, Jsin mx cos nx dx, and [cos mx sin nx dx
arise in many applications involving periodic functions. We can evaluate these
integrals through integration by parts, but two such integrations are required in each
case. It is simpler to use the identities
sin mx sin nx =%z [cos (m —n) X — cos (m + n) x],

sin mx cos nx = % [sin (m —n) x + sin (m + n) Xx],

COS MX €0S nNX =% [cos (M —n) x + cos (m + n) x],

Example 16: Evaluate | sin 2x sin x dx
Solution:m=2,n=1
| sin 2x sin x dx = | ¥ [cos x — cos 3x] dx
=1 [ cos X dx — ¥ [ cos 3x dx = Y5 sin x — 1/6 sin 3x + ¢
Example 17: Evaluate | sin 3x cos 5x dx
Solution:
m=3,n=5
| sin 3x cos 5x dx = ¥ [ [sin (3 — 5) x + sin (3 + 5) x] dx
=1 [ [sin (-2x) + sin (8X)] dx

11
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=1 [ [sin 8x —sin2x] dx  (sin (- X) = - sin X)
=% [(- 1/8) cos 8 x + (1/2) cos 2x] + C
= Y4 cos 2x — (1/16) cos 8x + C

8.4.3 Integrals of Powers of tan x and sec x

Case 1: Odd Power of Secant
Use integration by parts and the identity (tan® x = sec’ x — 1)

Example 18: Evaluate
[ sec® x dx
Solution:
[ sec® x dx = [ sec x sec? x dx
Let u =sec x — du =sec x tan x dx
dv = sec’ X dx — v = tan x
[ sec® x dx = sec x tan x — | tan x .sec x .tan x dx
= sec X tan x — | tan? x .sec x dx
= sec x tan X — | (sec? x — 1) .sec x dx
= sec x tan x — J (sec® x — sec x) dx
= sec x tan X — | sec® x dx + [sec x dx

2] sec® x dx = sec x tan x+ In | sec x tan x |
['sec® x dx =% [sec x tan x+ In |sec xtanx | ]+ C
Case 2: Even Power of Secant
Save sec” x and use (sec® x = tan® x + 1)
Example 19: Evaluate

[ sec” x dx
Solution:

| sec* x dx = [ sec® x. sec® x dx = | (tan® x+ 1) . sec® x dx

= | [tan® x . sec® x + sec® x] dx = (1/3) tan® x + tan x + C

12
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Case 3: Odd and Even Power of Tangent

Save tan® x and use (tan® x = sec® x — 1)

Example 20: Evaluate
[ tan® 3x dx
Solution:
J tan® 3x dx = [ tan? 3x. tan® 3x dx = [ (sec? 3x — 1) tan® 3x dx
= [ tan® 3x sec? 3x dx — | tan® 3x dx
= (1/3) ] (tan 3x)* . 3 sec? 3x dx — [ tan® 3x dx
= (1/3) ] (tan 3x)* . 3 sec? 3x dx — | tan® 3x dx
= (1/3) (tan” 3x)/4 — [ (sec? 3x — 1) tan 3x dx
= (1/12) tan* 3x — [ tan 3x sec? 3x dx — [ tan 3x dx
= (1/12) tan* 3x — (1/3)  tan 3x. 3 sec® 3x dx — | tan 3x dx
= (1/12) tan* 3x — (1/3) (tan” 3x)/2 — (1/3) In | sec 3x|+C
= (1/12) tan* 3x — (1/6) (tan® 3x) — (1/3) In | sec 3x|+C

8.4.4 Power Products of tangent and secant
[ sec™x . tan" x . dx ,m, n are positive

Case 1: mis even
Save sec® x and use (sec® x = tan? x + 1), then substitute u = tan x.

Example 21: Evaluate
[ sec* x . tan x dx
Solution:

J sec* x . tan x dx = [ sec? x . sec? x . tan x dx
= [ (tan® x + 1) . sec® x . tan x dx
Let u = tan x — du = sec® x dx
J(W¥¥+1).udu=J(u¥+u)du=Q/4)u*+ @12 u’+C
= (1/4) tan* x + (1/2) tan*x+ C

13
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Case 2: mand n is odd
Save sec x tan x and use (tan® x = sec? x — 1) for remaining factor, then substitute u
= SeC X.

Example 22: Evaluate
[ sec® x . tan® x dx
Solution:

[ sec®x . tan® x dx = [ (sec x tan x) . sec” x . tan® x dx
= [ (sec x tan x) . sec® x . (sec? x — 1) dx
Let u = sec x — du = sec X tan x dx
Jut. (W=D du=J@u'=u)du= @B uv-1R)u+C
= (1/5) sec® x — (1/3) sec* x + C
Case 3: mis odd and n is even

Use (tan® x = sec® x — 1)

Example 23: Evaluate
[ sec x . tan? x dx

[ sec x . tan® x dx = [ sec x . (sec® x — 1) dx =[ (sec® x — sec x) dx
['sec® x dx = ¥ [sec x tan x+ In | sec x tan x | ] [ from last example]

['sec x . tan* x dx =¥ [sec x tan x+ In |sec xtan x| ] —In | sec xtan x|+ C

8.5 Trigonometric Substitutions

Trigonometric substitutions occur when we replace the variable of integration by a
trigonometric function. The most common substitutions are x = a tan 6, x =a sin 6
and x = a sec 6. These substitutions are effective in transforming integrals

involvingva? + x2, Va2 — x2 and Vx2 — a2 into integrals we can evaluate directly
since they come from the reference right triangles in Figure 1.

14



Tikrit University Calculus Lectures
College of Engineering 1 st class
Civil Engineering Department Ch.8 Techniques of Integration

X Vil — a
1'-. H '-.Iﬁ ".H
i | |
a Va? - x? i
r=atanf r=asinf x=asech
Va? +x2 = a|s,ec ﬁ'| Va® - 2 =alcos @ Vil al= cr|tan H|
With x = atan 6,
a?+x =a’+a’tan’f=a’(1+tan’0) = a’sec’ 9
With x =asin 6,
a’—x*=a’—a’sinf=a’(1-sin*0) =a?cos’ 0
With x = a sec 0,
xX*—a’= a’sec’0—a’=a’(sec’f—1)=a’tan’ 0
Fora’—u® use u=asing, —x2<60<n?
Fora’+u® use u=atanf, —a2<0<n/?
Foru®—a® use u=asec6, 0<0<m O+fmn/2

Example 24: Evaluate
f dx
V1 —4x2
Solution:
1-4x°=a’—u®, a=1,u=2x
Useu=asind— 2x=15sin6,

O=sint2x —x2<0<n?
2dx=cos 0df — dx= " cos 0 dO

1
5c0s60df 1 cosfdl 1fc056 do
+ cos @

dx
f\/l—4x2_ Vl—sinZG_Z Vcos?20 2

15
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Butcos fis +ve for—z/2 <0 <n/2
f dx _1fcos€d9_1fd9_16+c_1__12 L
w/1—4x2_2 cosf® 2 ) _ZSm X

Example 24: Evaluate

[F=
25 + 162

25+16y*=a’+u’, a=5u=4y
Useu=atanfd — 4y =5tan 6

0=tan" 4y/5 — /2 <0<n/2

4y=5tan @ — 4 dy = 5 sec’ 0 d0 — dy = (5/4) sec? 0 do

Solution:

5
f dy j ZS€C29 ae B SJ sec?0 do
25+16y2 ) 25+ 25tan20 4 ) 25 sec?6

= (1/20) [ d6 = (1/20) 6 + C = (1/20) tan™ (4y/5) + C

Example 25: Evaluate
(2x + 3)dx

4x%2 + 4x + 5

Solution:

Ax*+4x+5=ax*+bx+c=au’+k ,a=4,b=4,c=5

u=x+b/2a=x+u/2*u

u=x+1%

k=c—(b’/4a) =5— (4°/4*4)=5-1=4

457 +4x+5=4 (x+%)* +4=4[(x + )" + 1]

f(2x+3)dx _j (2x+3)dx 1 [ (2x+3)dx
4x2+4x +5 2 __f 2
e 4[(x+%) +1] (x+%) +1

(x+¥)P?+1=u’+a’,u=x+%,a=1

Useu=atan® — x+ % =1tan 6 — dx = sec’ 0 do

16
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X+%h=tanh—O=tant 2x +1)/2 —7/2<0<7n/2

2x=2tan -1

1-/‘ (2x + 3)dx _1]‘(2tan9—1+3)sec20d9
4 1\ . 4

tan20 + 1
(X+7) +1
1 (2tan0+2)sec29d9_1J2t 9+1d9—1jt 9d9+1Jd9
4 sec?6 4 (tan ) —Z) e 2

=% In |sec9|+1/26’+C

L1 _1(2x+1>+c
7 an 2

Vax?2 +4x+5
2

_11
_En

8.6 Integration of Rational Functions by Partial Fractions

This section shows how to express a rational function (a quotient of polynomials)
as a sum of simpler fractions, called partial fractions, which are easily integrated.
For instance, the rational function (5x — 3)/(x* — 2x — 3) can be rewritten as:

5x-3 _ 2 3
x2—2x—3 x+1 x-3

The method for rewriting rational functions as a sum of simpler fractions is called
the method of partial fractions. In the case of the preceding example, it consists
of finding constants A and B such that

5x — 3 B A N B
x2—2x—3 x+1 x-3

Case 1: Distinct Linear Factors of g (x):

f(x) A B N C N
g(x) ax+b;, ayx+b, azx+bs

17
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(6x + 1)dx
x2+4x—5
Solution:
(6x+1) (6x+1) A B
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A(x+5)+B(x—-1)

A4 —5 x-DE+5) -1 x+5)

Multiplying both sides with (x — 1) (x + 5)

(x—1D(x+5)

6x+1=AKX+5+BXx-1)—>6x+1=Ax+5A+Bx-B

6x+1=(A+B)x+ (5A-B)
A+B=6,5A-B=1
A=6-B—5(6-B)-B=1—-30-5B-B=1—6B

A =6 (29/6) = 7/6

7
_ 6
j —jx_ldx+

=(7/6)In |x—1]|+@296)In |x—1|+C

29

dx
x—1

(6x + 1)dx
x2+4x—5

dx = —

J

x +

Example 27: Evaluate
2x3 —4x% —15x+ 5

x2—2x—8

dx

J

Solution:
Use long division:

2x3—4x2—15x+5_
x2—2x—8

x+5

=2
x x2—2x—8

18

=29 — B =29/6

29

+
6

dx
x+5

J
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x+5 x+5

x2—2x—8=(x+2)(x—4)

x+5 A N B
(x+2)(x—4) x+2 x—4

Multiplying both sides by (x + 2) (x — 4)
X+5=A(XX-4)+B(x+2)
X+5=Ax—4A +Bx + 2B
X+5=(A+B)x-4A+ 2B

A+B=1 (x-2)—>-2A-2B=-2

—4A+2B=5

—2A-2B=-2

By adding:

-6A=3

A=—1%,B=1—(-1%)=3/2
1 3

j2x3—4x2—15x+5d _J ot -3 N 5 4
x2—2x—8 T T2 T - |

=x*~%In |x+2|+@3/2)In |x+2| +k

Case 2: Repeated Linear Factors of g (x):

fx) A B C
glx) ax+b+ (ax + b)? + (ax + b)3 e

19
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Example 28: Evaluate
J x dx
x2+2x+1
Solution:

X _ x _ X R 4 B
x2+2x+1 (x+Dx+1) (x+D?2 (x+1) (x+1)2

X=A(X+1)+B—-x=Ax+(A+B)

A=1A+B=0—-A=-B—>B=-A=-1

f x dx j‘ 1dx 1dx (x+ 1)1

= | —— =Inx+1 +C
il ) x+1l )@z A 1

1
=lnlx+1| ———+C
x+1

Example 29: Evaluate

f5x2+20x+6

X
x3+2x24+x

Solution:

5x*+20x+6 5x*+20x+6 5x*+20x+6
x3+2x24+x  x(x2+2x+1) x(x+1)2

5x24+20x+6 _ A B c

x (x+1)2  x  x+1  (x+1)2

(both case 1 and case 2)

Multiply both sides with x (x + 1)
5x+20x+6=A (x+ 1)*+ Bx (x +1) + Cx

5x°+20x+6=A(X°+2x+ 1) + Bx* + Bx + Cx
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5x°+20x + 6 = AX* +2A X + A + Bx* + Bx + Cx

5x°+20x+6=(A+B)x*+ (2A +B + C) x +A

A=6,A+B=5—>B=-1,2A+B+C=20—-C=9

dx

X x+1+(x+1)2

f5x2+20x+6 _J[6 1 9
x3+2x%2+x

9
6In|lx| —In|lx +1|+——+k
x+1

Case 3: Distinct Irreducible Quadratic Factors of g (x):

f(x) Ax + B Cx+D Ex+F
= + +
g(x) ax?+bx+c; ax?+byx+c, azx?+byx+cy

Example 30: Evaluate

J x—3 P
G+ Dx—12z P
Solution:

x—3 Ax + B C D

(x2+1)(x—1)2_(x2+1)+(x—1)+(x—1)2

Multiply both sides with (x* + 1) (x — 1)?
X—3=Ax+B(X-1)%+C (x—1) (x*+1) + D (x* +1)

Xx—3=Ax+B(X*-2x+1)+ Cx—C (x*+1) + D (x* +1)
X—3=AX - 2A¢ +AX+BX*—-2BX+B+C X+ Cx—-C+Dx*+D

Xx-—3=(A+C)X*+ (-2A+B-C+D)x¥*+ (A-2B+ C)x+ (B—C +D)
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EQu.2&4: >-2A+(-3)=0—>-2A=0-(-3) >-24=3—>4=-3/2
FromEqul:C=-A=23/2
FromEqu.3: A-2B+C=1—>—-3/2)-2B+(3/2)=1—>2B=—-1—>B=-%

FromEqu.3:-%-3/2)+D=-3 > (-42)+D=-3—->D=-3+2=-1

-3 1 3
c-3dx  (Fr-g)dx [ Jdx dx
f(x2+1)(x—1)2_ (x2+1) +J(x—1)_J(x—1)2

B 3 x dx 1f dx +3fdx j dx
2) (x2+1) 2)x2+1 2)x-1 (x —1)2

= 31|2+1| 1t -1 +31| 1| +
= 4-I’IX Zan X an (x—l)

+C

Case 4: Repeated Irreducible Quadratic Factors of g (x):

f(x)  Ax+B N Cx+D N Ex+F N
gx) axZ+bx+c (ax?2+bx+c)?  (ax?+ bx +c)3
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Example 31: Evaluate

dx

Jl—x+2x2—x3
x5+ 2x3 +x

Solution:

1—x+2xz—x3_1—x+2xz—x3_1—x+2xz—x3
x5+2x3+x  x(x*+2x24+1) x(x2+1)2

1—x+2x2—x3_A+Bx+C+ Dx +E
x(x2+1)2 x  x24+1  (x2+1)2

Multiply both sides with x (x* + 1)
1-x+2-x*=A(X*+1)°+Bx+C)(x) (x*+1)+ (Dx+E) (x)

1-x+2¢-x=A (X" +2 +1) + (Bx* + Cx) (* + 1) + DX* + Ex
1-x+2¢-x=Ax* +2A¢°* + A+ Bx* +B x*+ C x* + C x + Dx* + Ex
1-x+2¢-x*=(A+B) x*+Cx®* +(2A + B +D) x¥*+ (C+ E) x + A
A=1,A+B=0—-B=-1, C=-1

2A+B+D=2—>D=1]

C+E=-1—-E=0

jl—x+2x2—x3dxzj[l (—x —1) X

d
x° 4+ 2x3 + x x+ x?+1 +(x2+1)2] x

_f[l X 1 N X ]d
) e X241 x241 0 (x2+1)2 x

1
= In|x| —Elnlx2 + 1| —tan"tx —

2+ Tk
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8.7 The Substitution Z =tan (x/2)

The substitution z = tan (x/2) reduces the problem of integrating any rational
function of sin x and cos x to a problem involving a rational function of z

z =tan (x/2), cos* 0 = % (I + cos ), cos” (x/2) = ¥ (1 + cos X)

2 cos® (x/2) = 1 + cos x — cos x = 2 cos” (x[2) — 1

_2 2 2 2-72-1
cosx—sec2£ _tanzﬁ T z241 0 z241
2 2
1— 72
COSX =
z2+1

sin 20 = 2 sin & cos 4, sin x = 2 sin (x/2) cos (x/2)

ZSil’l%
sinx = %
cos»
2x_zt X 1
coS 5= anz.secZE
2
— ot X 1 —> 1
- anz-tan2%+1_ Y7t
_ 2z
722+ 1
2 2dz 2dz
z=tan (x/2) — dz = V2 sec” (x/2) dx - dx = — —> dx = —
secss tan5+1
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d 2dz
X =
zZ+1
Example 32: Evaluate
f dx
1—sinx
Solution:
zdz zdz
f dx _-]. Z2+1 _J Z2+1 —ZJ dz
l—sinx J __22 )z241-2z ") 22-2z+1
z2+1 z2+1
=2 j 2 __ 2 ic- N,
z—1)2 z—1 T X\ _
( ) tan (2) 1
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