
  The Laplace Transformation         

 Let  𝑓(𝑡)  be given and defined for 𝑡 ≥ 0, 

Multiply 𝑓(𝑡)  by  𝑒−𝑠𝑡    and integrate with 

respect to t from 0 to  ∞  , is a function of S , Say 

𝑓(𝑠)  ; 

𝑓 𝑠 =   𝑒−𝑠𝑡
∞

0
 𝑓 𝑡 𝑑𝑡            Laplace….        (1) 

Transform of   𝑓 𝑡 = ℒ (𝑓)  

The operation is called the Laplace transformation 

  f 𝑡 = ℒ−1 𝐹 = 𝑖𝑛𝑣𝑒𝑟𝑠𝑒  𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚   𝑜𝑟 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 Tikrit University-Civil engineering 
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ℒ (1)  

ℒ(𝑒𝑎𝑡) 

ℒ(𝑒−𝑎𝑡) 

ℒ(cosh  𝑎𝑡) =
1

2
ℒ 𝑒𝑎𝑡 +

1

2
ℒ(𝑒−𝑎𝑡) 
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𝑆𝑒𝑡      𝑎 = 𝑖 𝑤                      

 ℒ 𝑒𝑎𝑡 = ℒ 𝑒𝑖𝑤𝑡 =
1

𝑠 − 𝑖𝑤
=

𝑠 + 𝑖𝑤

𝑠2 + 𝑤2
 

    =
𝑠

𝑠2+𝑤2 + 𝑖
𝑤

𝑠2+𝑤2    

𝐵𝑢𝑡   𝑒𝑖𝑤𝑡 = cos𝑤𝑡 + 𝑖 sin𝑤𝑡     

ℒ𝑒𝑖𝑤𝑡 = ℒ cos𝑤𝑡 + 𝑖 ℒsin𝑤𝑡 

=
𝑠

𝑠2 +𝑤2
+ 𝑖

𝑤

𝑠2 +𝑤2
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ℒ 𝑓 𝑛

= 𝑠𝑛ℒ 𝑓 − 𝑠𝑛−1𝑓𝑜 − 𝑠𝑛−2𝑓′
𝑜

− 𝑠𝑛−3𝑓"𝑜………… . 𝑓𝑜
(𝑛−1)

 

𝑓′" = 𝑠3ℒ 𝑓 − 𝑠2𝑓𝑜 − 𝑠𝑓′
𝑜
− 𝑓"𝑜 

ℒ 𝑓′ = 𝑠ℒ 𝑓 − 𝑓𝑜 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒:    ℒ 𝑦 =
𝑠 + 1

𝑠2 + 𝑠 − 6
 ,  𝑓𝑖𝑛𝑑  𝑦(𝑡) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛:    

𝑠 + 1

𝑠2 + 𝑠 − 6
=

𝑠 + 1

𝑠 − 2 𝑠 + 3
=

𝐴

𝑠 − 2
+

𝐵

𝑠 + 3
 

=
𝐴 𝑠 + 3 + 𝐵 𝑠 − 2

𝑠 − 2 𝑠 + 3
      

𝑠 + 1 = 𝐴 𝑠 + 3 + 𝐵 𝑠 − 2 ,     𝑠𝑒𝑡𝑡𝑖𝑛𝑔   𝑠 = 2, 𝑎𝑛𝑑  𝑡𝑕𝑒𝑛  𝑠 = −3   

 𝑓𝑖𝑛𝑑            𝐴 =
3

5
              𝑎𝑛𝑑                 𝐵 =

2

5
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 𝐿 𝑦 𝑡 =
1

5

3

𝑠 − 2
+

2

𝑠 + 3
   

∴ 𝑦 𝑡 =
1

5
(3𝑒2𝑡 + 2𝑒−3𝑡) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒:    𝑓 𝑡 = 𝑠𝑖𝑛2𝑡 ,  𝑓𝑖𝑛𝑑  ℒ 𝑓  

 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 
 𝑓′ 𝑡 = 2 sin 𝑡 cos 𝑡 = sin 2𝑡      ,       𝑓 0 = 0   

 

  

ℒ(sin 2𝑡) =
2

𝑠2 + 4
 , 

 ℒ 𝑓′ = 𝑠ℒ 𝑓 − 𝑓 𝑜  

 
2

𝑠2 + 4
= 𝑠ℒ 𝑓 − 0    

∴ ℒ 𝑓 =
2

𝑠(𝑠2 + 4)
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒: 𝑓𝑖𝑛𝑑  𝑡𝑕𝑒  𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟  𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  𝑜𝑓  
 𝑦" − 3𝑦′ + 2𝑦 = 12𝑒−2𝑡        𝑦(0) = 2 &  𝑦′(0) = 6   

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

ℒ𝑦" − 3ℒ𝑦′ + 2ℒ𝑦 = 12ℒ𝑒−2𝑡  

𝑠2ℒ𝑦 − 𝑠𝑓𝑜 − 𝑓′
𝑜
− 3 𝑠ℒ𝑦 − 𝑓𝑜 + 2ℒ𝑦 = 12ℒ𝑒−2𝑡  

𝑠2ℒ𝑦 − 𝑠 2 − 6 − 3 𝑠ℒ𝑦 − 2 + 2ℒ𝑦 = 12
1

𝑠 + 2
    

 𝑠2 − 3𝑠 + 2 ℒ𝑦 = 2𝑠 +
12

𝑠 + 2
=
2𝑠2 + 4𝑠 + 12

𝑠 + 2
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𝑠2 − 3𝑠 + 2 ℒ𝑦 =
2𝑠2 + 4𝑠 + 12

𝑠 + 2
      

∴ ℒ𝑦 =
2𝑠2 + 4𝑠 + 12

𝑠2 − 3𝑠 + 2 𝑠 + 2
=

2𝑠2 + 4𝑠 + 12

𝑠 − 2 𝑠 − 1 𝑠 + 2
 

=
𝐴

𝑠 − 2
+

𝐵

𝑠 − 1
+

𝐶

𝑠 + 2
 

=
7

𝑠 − 2
−

6

𝑠 − 1
+

1

𝑠 + 2
     

∴ 𝑦 𝑡 = 7𝑒2𝑡 − 6𝑒𝑡 + 𝑒−2𝑡 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒:     𝑆𝑜𝑙𝑣𝑒;   
 𝑦" + 4𝑦′ + 3𝑦 = 0       𝑦(0) = 3 &  𝑦′(0) = 1   

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

ℒ𝑦" + 4ℒ𝑦′ + 3ℒ𝑦 =0 

𝑠2ℒ𝑦 − 𝑠𝑓𝑜 − 𝑓′
𝑜
+ 4 𝑠ℒ𝑦 − 𝑓𝑜 + 3ℒ𝑦 =0 

𝑠2ℒ𝑦 − 3𝑠 − 1 + 4 𝑠ℒ𝑦 − 3 + 3ℒ𝑦 =0 

 𝑠2 + 4𝑠 + 3 ℒ𝑦 = 3𝑠 + 1 + 12 
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∴ ℒ𝑦 =
3𝑠 + 13

𝑠2 + 4𝑠 + 3
=

3𝑠 + 13

𝑠 + 3 𝑠 + 1
 

               =
𝐴

𝑠 + 3
+

𝐵

𝑠 + 1
 

                 =
−2

𝑠 + 3
+

5

𝑠 + 1
      

 ∴ 𝑦 𝑡 = −2𝑒−3𝑡 + 5𝑒−𝑡 
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𝑁𝑜𝑡𝑒: 

𝐼𝑓   ℒ 𝑓 𝑡 = 𝐹 𝑠   

𝑇𝑕𝑒𝑛;    ℒ 𝑒𝑎𝑡𝑓 𝑡 = 𝐹(𝑠 − 𝑎) 
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒:     𝑆𝑜𝑙𝑣𝑒;   
 𝑦" + 2𝑦′ + 5𝑦 = 0       𝑦(0) = 2 &  𝑦′(0) = −4   

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 

ℒ𝑦" + 2ℒ𝑦′ + 5ℒ𝑦 =0 

𝑠2ℒ𝑦 − 𝑠𝑓𝑜 − 𝑓′
𝑜
+ 2 𝑠ℒ𝑦 − 𝑓𝑜 + 5ℒ𝑦 =0 

𝑠2𝑌 − 2𝑠 + 4 + 2 𝑠𝑌 − 2 + 5𝑌 =0 

 𝑠2 + 2𝑠 + 5 𝑌 = 2𝑠 

𝑌 =  ℒ(𝑦) 
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∴ 𝑌 𝑠 = ℒ 𝑦 =
2𝑠

𝑠2 + 2𝑠 + 5
=

2𝑠

𝑠 + 1 2 + 22

= 2
𝑠 + 1

𝑠 + 1 2 + 22
−

2

𝑠 + 1 2 + 22
    

𝐵𝑢𝑡;  ℒ−1
𝑠

𝑠2 + 22
= cos 2𝑡      &     ℒ−1

2

𝑠2 + 22
= 𝑠𝑖𝑛 2𝑡 

  ∴ 𝑦 𝑡 = ℒ−1 𝑦 = 𝑒−𝑡(2 cos 2𝑡 − sin 2𝑡) 
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𝐼𝑛𝑣𝑒𝑟𝑠𝑒  𝐿𝑎𝑝𝑙𝑎𝑐𝑒  𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑠: 

∵ ℒ 𝑓 𝑡 = 𝐹 𝑠  

∴ 𝑓(𝑡) = ℒ−1*𝐹 𝑠 + 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒: 

ℒ 𝑒2𝑡 =
1

𝑠 − 2
      

   ∴ ℒ−1
1

𝑠 + 2
= 𝑒2𝑡 
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 𝐹 𝑠                                     ℒ−1𝐹 𝑠 = 𝑓 𝑡  

1

𝑠
                                                         1 

1

𝑠2
                                                         𝑡 

1

𝑠𝑛+1
                                                         

𝑡𝑛

𝑛!
  

  
1

𝑠 − 𝑎
                                                         𝑒𝑎𝑡  
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 𝐹 𝑠                                     ℒ−1𝐹 𝑠 = 𝑓 𝑡  

1

𝑠2 + 𝑎2
                                                     

sin 𝑎𝑡

𝑎
     

𝑠

𝑠2 + 𝑎2
                                                  cos 𝑎𝑡     

1

𝑠2 − 𝑎2
                                                         

sinh 𝑎𝑡

𝑎
  

  
𝑠

𝑠2 − 𝑎2
                                                        cosh 𝑎𝑡  
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𝐸𝑥𝑎𝑚𝑝𝑙𝑒𝑠: 

1     ℒ−1
5

𝑠 + 3
= 5𝑒−3𝑡 

2    𝐹 𝑠 =
𝑠 + 1

𝑠2 + 2
   𝑓𝑖𝑛𝑑    𝑓 𝑡  

𝐹 𝑠 =
𝑠

𝑠2 + 1
+

1

𝑠2 + 1
 

∴ 𝑓 𝑡 = cos 𝑡 + sin 𝑡 
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3    𝐹 𝑠 =
1

𝑠 + 25 2
          𝑓𝑖𝑛𝑑    𝑓 𝑡  

𝑁𝑜𝑡𝑒:   ℒ 𝑒𝑎𝑡𝑓 𝑡 = 𝐹 𝑠 − 𝑎  

ℒ−1 𝐹 𝑠 − 𝑎 = 𝑒𝑎𝑡𝑓 𝑡  

𝐹 𝑠 =
1  

𝑠2
     ,                   𝑎 = −25   

𝑓 𝑡 = 𝑡   

∴ 𝑇𝑕𝑒   𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠     𝑡𝑒−25𝑡  
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4    𝐹 𝑠 =
𝑠 + 2

𝑠 + 2 2 + 1
          𝑓𝑖𝑛𝑑    𝑓 𝑡      

𝑓 𝑡 = 𝑒−2𝑡 cos 𝑡 

5    𝐹 𝑠 =
𝑠

𝑠 − 1 2 − 4
          𝑓𝑖𝑛𝑑    𝑓 𝑡  

𝑠 − 1 + 1    

𝑠 − 1 2 − 4
=

𝑠 − 1    

𝑠 − 1 2 − 4
+

1    

𝑠 − 1 2 − 4
    

∴ 𝑓 𝑡 =  𝑒𝑡 cosh  2𝑡  +
1

2
𝑒𝑡 sinh 2𝑡 
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