Linear Differential Equations with

Constant Coefficien ts

The general linear second —order equation :

V'+PX)Y +Q(X)Y = R(X) oeveviriiiiieiirin, (1)

V' APOOY +Q(X)Y =0 oo, (2)
P(x),Q(x) and Q(x) are known functions.

EC

EC

.(1)is linear, 2" order and Nonhomog.
(2)is linear, 2" order and Homog.



Theorem1:

If y,and y, are any solutions of the
homogeneous equation :
y"+P(x)y'+Q(x)y =0,

then y, =c,y, +C,Y,, where ¢c,and c, are
arbitrary constants, Is also solution.



Theorem2:

If y,and y, are two solutions of the homogeneous
equation : y"+ P(X)y'+Q(x)y =0, for which

Yo Y
W (y11 Y2) — 1, f
Yi Yz
j P(x)dxexists, then there exist constants ¢, &c,

=YY, =Y,y #0 and if

such that any solution y, of the hom ogeneous
equation can be exp ressed in the form

Ys =CY, +CY,



Proof :
To provethis theorem, first show that any

pair of solution of : y"+P(X)y'+Q(x)y =0,
say y;and y; satisfies the relation :

, , —| P(x)dx
W(yi’yj): Yi¥i = Y;Yi :kije J

where k; Is a suitable constant.



Vi +P(X)Y; +Q(X)Y; =0 i (1)
Yi+PX)Y; +Q()Y; =0 i (2)

[Eq.(2) xy;]-[Eq.(1) xy; ] get;
[y:Yi =YY+ POOLY:Y; = Yiyil=0 ..(3)



Now :
dW(yi,y;) _d(yiyj—Y;¥i)

adx adx
=(y, Y5+ Yy =y ¥i +ViY))
= (YiYj = Y;¥i)



Hence, Eq. (3) can be written;

WY pywiy,,y) =0
dx

InW(yi,yj):—IP(x)dx +C

W(yl | yj) _ kij e—jP(X)dx



Now, for two pairs of solutions

(Y5, y;) and (ys,Y,)

, / —| P(x)dx
Y3Y1 = Yi¥Y3 = k31e I

, , —| P(x)dx
Y3Yo — Yo Y3 =Kj,€ I

Solve, these two above equations,
getting ;






Let us sup pose that y,(x) =0 Is a solution of,

y'+P(X)y' +Q(x)y =0, and let us attempt to

find a function ®(x) with the property that

d(x) y,(x) Is also a solution of above equation.

Now, substitute y = ®(x)y,(X) Into above equation :



(Y@ + 2y, @'+ y,®") + P(X)(y, D + y,@") + Q(x) (Y, D)
=(y; + Py, +Q(X) Y, )@+ (2y; + P(X)y,) @’ + y,®" =0
Y, 0"+ (2y; + P(X)y, )@ =0
do’ 2y,

CD 1
IN(®') + 2In(y,) + j P(x)dx = In(c)
CD’yf

In = j P (x)dXx



r.,2
n Y1 = —[P(x)dx
C
—J-P(x)dx
(D,:ce 2
Y1
—jp(x)dx
O =c j dx + k
y;
For all values of c&k, the solution:
jP(x)dx
D(x) y,(x) = ¢ ¥, () [ 5+ k ¥, (%)

A



jp(x)dx
D(x) Y, (X) = ¢ ¥, () [ ~—5—dx +k y,(X)

1

The ®(x)y,(x) Is also a complete solution,
since 2 constants provided
W (yy, @y;) # 0



Example :

Find a complete solution of equation;

x“y"+xy'—4y =0, given that y = x* is one solution

Solution :

Substitute y = x*® into the given D.E.

X (X°D)" + x(x*D)' — 4(x*D) =0

X2 (2D + 2XD' + 2XD' 4+ X°D") + X(2XD + x° D) — 4(X°D) =0
2X°D +4X°D + X D"+ 2X°D + X°D' - 4X°D =0
X°(XD"+50") =0

XP"+50"'=0
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Theorem3:

If Y Is anysolutions of the non hom ogeneous
equation :

y'+ P(X)y'+Q(X)y = R(x),

and If c,y,+c,y, Is a complete solution

of the homogeneous equation obtained

from this by deleting the term R(X), then
y=CY,+VY,C, +YIs a complete solution of the

non hom ogeneous equation.



Proof :

Let y. be any solution of nonhomogeneous
equation :

V' +P(X)Y: +Q(X)Y: =R(X) «oovvrreennnne (1)
and similarly, since Y Is a solution of
nonhomogeneous equation :

Y"+P(X)Y' +Q(X)Y =R(X) .covvrrvrrrrrnnnn, (2)
Eq.(1)-Eq.(2);



(i =Y")+POOCY; =Y') +Q(X)(y; =Y) =0

OR;

(yi _Y)”‘|' P(X)(yi _Y)""Q(X)(yi _Y) =0

Thus the quantity (y. —Y) satisfies the hom ogeneous
equation and, hence, by theorem (2), must be exp ressible
In the form;

Y, =Y =CY, +C,Y,

Since y. was any solution of the nonhom ogeneous
equation. Theorem (3) Is thus established.



The homogeneous linear equation with cons tant
coefficients :

dy dzy 2
_— D y — D D — D y
i y > (Dy) y

d’y
a0
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ay”+by'+cy=0 can be written (aD? +bD+c)y =0
It natural to try: y — emX
as a solution because all derivatives are alike

except for coefficient. Then:

e™ (am” +bm+c)=0

But mX
e =0 SO

]



(am® +bm+c) =0

And is called the characteristics or auxiliary
equation of Homog. Or Nonhomog. Eq.
It is obtained as:



am’+bm+c=0 or aD?+bD+c=0

The two roots:

o —b++/b? —4ac
- 2a
The solutions:
yl — em1X and y2 — m, X

Then:

m, X M- X
y=cCY,+CY,=Cce™ +c,e™



By Theorem 2, this is a complete solution of Homog. equation, if

WY, Y,)#0

WY, Y,)=Y1Ys — Yo Vi
_ emlx (mzemZX) . emzx (mlem1X)

=(m, —m,)e!™ M* %0

Unless m,=m,



Example 1:
V'+7y'+12y =0
Solution :
(D*+7D+12)y =0
m°+7m+12=0
(M+4)(m+3)=0
m=-4 and m,=-3

ny=ce ¥ +ce™



Example 2:
y'+2y'+5y =0
Solution :

(D*+2D+5)y=0
m°+2m+5=0
m°+2m+1=-5+1

(M+1)° = -4
Mm+1=+42yJ/-1=+2i
m, = =1+21-and-~m, = -1-2I



m, =-1+21 and m,=-1-2i

y = Cle(—1+2i)x N C2e(—1—2i)x

y _ Cle_XQZiX i Cze—xe—Zix

y =e*(ce™ +c,e”)
=e "[c,(cos2Xx+isin2X)+C, (C0S2X —iSin 2X)]
=e "[(c, +¢,)cos2x+i(c, —C,)sin 2X]

y =e "[Acos2x+ Bsin 2x]
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Example 3:

y'+6y +9y
Solution :
(D*+6D+9)y=0
m*+6m+9=0
(M+3)* =0
m, =m, =-3

y=ce > +c, xe™*

0



Example 4:

V' —4y'+4y =0
y=3, x=0 and y'=4, x=0
Solution :

(D°—-4D+4)y=0
m° —4m+4 =0
(m-2)° =0

m, =m, =2

Y = Ce Nk G kB



y=c,e”* +c, xe”’

When y=3, x=0
3=C,+0= ¢, =3

When y'=4, x=0

y' =2ce” +c,(2xe”* +e**)
4=2(3)e’ +c,(0+¢e°)







m1:—2+%i and m2:—2—%i

Lt ot
y=ce “e? +c,e e

y=e~ (Acos%t + Bsin %t)

y=11t=0 = A=1
y=0,t=72r=B=0

Sy =e 2eos—t

AR



The complete process for solving the

homogeneous equation in all possible cases as
following:

D.E. ay"+by’ +cy=0o0r (aD*+bD+c)y=0

Characteristic equation:

am’+bm+c=0 or aD?’+bD+c=0



Nature of the roots
of characteristic
equation

Real and unequal

m, #m,

Real and equal

m, =m,

Conjugate complex
m, = p+iq
m, =p—iq

Condition on the Complete solution
coefficients of the of the differential
characteristic equation
equation
b® —4ac>0 y =c,e™ +c,e™”

b2 _4aC:O yzclemlx +szem2x

b* —4ac <0 y = e (Acosgc + Bsin gx)
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The nonhomogeneous equations
ay”+by'+cy=f(x)

y = complementary function + particular integral
Theorem4:

If Y, is a solutions of [ay”+by’+cy =R, (X)]

and Y, is a solutions of [ay”"+by'+cy =R, (x)]
Then Y =Y, +Y, Is a solution of

[ay” +Dby’ +cy =R, (X) + R, (X)]



Method of undeter mined coefficients:

Example : y" + 4y’ + 3y =5

Solution : Particular Integral

Y = Ae”

(4Ae”) + 4(2Ae*) + 3(Ae™) =5
1

15A=5 = Azg

. 1
~. Particular Integral =Y = =e**

3



Example : y”

4y

/

3y =5sIn 2X

Solution : Particular Integral
Y = Asin2X + B cos 2x
(—4Asin2x —4Bcos 2x) +
4(2Acos2x—2Bsin 2x)

+ 3(Asin 2x+ B cos 2x) = 5sIn 2X
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Example : y” + 3y’ + 2y =10e™ + 4x°
Solution :

Y, = Ae™

Y, =Bx*+Cx+D

(9Ae®) +3(3Ae™) + 2(Ae*) =10e™
20 Ae¥ =10e*

A=—
2
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3X

Example: y"+5y' + 6y =3e ™ +¢

Solution :
m°+5m+6=0
(mM+2)(m+3)=0

m=-2 and m,=-3

y=ce *+c,e*+Y

Y =Y, +Y,

Y, = Axe ™"

Y, = Be™
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Example: y"—2y '+ y=xe" —¢”

Solution : Homog.
m°—2m+1=0
(m-1)°=0

m = m,=1

y=ce +c,xe" +Y

Y=Y +Y,

Y = Ax’e* + Ax‘e”

Y = (A X + Ax*)e”
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Particular integrals by the method of variation of parametric:

ay” +by'+cy = f(x) (1)
NonHomo. y"+ P(X)y +Q(X)y = R(x) (2)
Homo. Eq. y"+P(X)y'+Q(Xx)y =0 (3)



As we do in construction the
complementary function, we attempt to
find two functions of x, say u, and u, such
that;

Y = U y; vU, Y,

Will be a solution of nonhomogeneous equation (2)



Having two unknown functions, we required

two equations for their determination:

Eq. (1) by substitution Y into given D.E. (2)

Eqg.(2) remains at our disposal.



From

Y =uy, +U,Y,
By differentiation ; we have:

Y'= (u1y£ T y1u1’) T (uz y; T yzu;)

Put;

u1’y1 "‘u;yz =0 (4)
ow, r / /

' Y'=uy, +U,Y,

A YT = (uyyy + yiup) + (Uy Y + YaUs)



Now, Substitution Y,Y"and Y"into Eg. (2)

We obtain;

(UgY; + YiUp + U, Y5 + YoUs) + P(X)(ULy; +U,Y))
+Q(X)(uy; +U,Y,) =R(x)

Or;

Uy (Y7 + PO Y + QM) Y,) + Uy (Y, + P(X)y, + Q(X)Y,)
+(Uy; +UyY;) = R(X)



YU + Yo, = R(X)

By solving Egs. (4) a_m.d (5)
for u and u,, we obtain;

r y2 ’ R(X)
EERVRVINERY,

r yl ’ R(X)
EVIVIRTRY, )

(6)



Example : y" —4y = 3x
Solution : Homog. m* -4 =0
m==+2
Yy, =C,e°* +c,e*
y =u,(x)e” +u,(x)e u= f(x)

X

y' = 2u, (x)e™ +u, (x)e” —2u, (X)e ™ +uy(x)e™’

X

y' =2u,(x)e™ —2u, (X)e™ +u; (x)e™ +u,(x)e

u; (x)e** +us(x)e* =0 (1)



By Solving Egs. (1) and (2) getting:
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f Y2 R(x)

c
|

y1 y; o yz y1’

U= — 1 R(x)
Y1Y2_y2y1
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_ (_§Xe—2x _ie—ZX)eZX
8 16
( 3X62X 3 eZX)e—Zx
8 16
;Y:—ﬁx
A
y — yhomo +Y

. . 2 X —2X
Ly=ce +ce T —

— X



Equations of higher order :

Example: y"+3y"+3y'+ y=0
Solution
m® +3m°+3m+1=0
(Mm+1)° =0
m=m,=m,=-1

—X —X 2 ~—X
y=Cce +C,Xe " +C,xe
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Operator Method :

dy d’y 2, d"y

— =Dy, —=D"y, — D"

ax X AR Y

Ex: find (D°+2D+1)y If V=X +X

D’y +2Dy+ Yy =2+2(2X+1) + X* + X

=4+ 5% + X°



Define D™
Let D*f(x)=u
DD (x) = Du
. Du= f(x)
du
— = (X
i (X)

u :j f (x)dx



Theorem f(D)=aD’+bD+c
f (D)e™ =am’e™ +bme™ +ce™
f (D)e™ =e™(am’ +bm+c) =e™ f (m)
(aD* +bD +c)y =e™
o™

SV = D
y D?+bD +c¢

1
3
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Euler — Equation :
Try general form;

’y dy

ax’ —= +bx—= +cy =
dx

dx?
Solution :

Let t =InX
dy dy dt

dx_EX&
dy Exﬂ dy

dx x dt dt

dx

(1) 2" order



d’y 1d°y1 dy, 1
dx? X dt? x+_t(_F)
d’y 1 ,d°y dy

dx? X (dt2 Cdt
x2d2y_d2y dy

dx?  dt? dt

Subst. into Eq @)
dzy dy

a Dy ipY ey =gt
d°y

a b—a— cvV = a(t

"9 order with' coetficients
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Applications :
Buckling of columns;

A slender column fails under compressive
force when reach a certain value this is called
"buckling load"

From strength of materials
dy M
dx?  El
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3—Buckling of columns fixed at the bottom,
free at the top;

M =-P(e-y)
czy__M
dx? El
d’y P(e-y)
dx*  El
c2y+ P y:E
dx* ElI° EI




U

>l -}
(qp)

!
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