Numerical Solutions of Ordinary D.E.
|f % = f(X,y) can't be solved by direct
X

Int egration. The numerical solution techiques
are used. To describe various numerical
methods for the solution of ordinary D.E.,
we consider the general first order D.E.



=Y _ f(x,y), with initial condition y(x,) =y,

dx
and Illustrate the theory with respect to this

equation. The methods so developed can,
In general, be applied to the solution of

systems of first order equation and will
yield the solution in of the two forms;



1— Aseries for y In terms of powers of X,
from which the value of y can obtained by
dircect substitution.

2— A set of tabulated values of x and V.
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Ex : Consider D.E. j—y = X+ Yy with condition
X

y(0) =1. Find y when x=2 (let h=0.5)
Solution

Ynir = Yo +h T(X,, ¥,)

Y1=Yo + N T(X,,¥,)

y, =1+0.5(0+1) =1.5

Y, = y1+h f(X11 yl)

y, =1.5+0.5(0.5+1.5) = 2.5

Yy, =2.5+0.51.0+2.5) =4.25

y, =4.25+0.5(1.5+4.25) =7.125

- y(2)=7.125



EX: D.E.,%:—y with y(0) =1.
X

Find y when x=0.04 (let h=0.01)

Solution

Yoo = Yo T T(X;, ¥,)

y, = ¥(0.01) =1+0.01(-1) = 0.99

Yy, = Yy(0.02) =0.99+0.01(-0.99) = 0.9801

Y, = ¥(0.03) =0.9801+0.01(-0.9801) = 0.9703
vy, = Y(0.04) =0.9703+0.01(-0.9703) = 0.9606
. y(0.04) = 0.9606



Modified Euler's Method : or

Predictor Corrector Method
This Is the simplest of an entire series of
method called predictor corrector methods.
1—Predictor step:

Voou=Y,+AXT(X ,y.) ... from Euler's method
having obtained Yy ., we now calculate f(x ,Yy.)
which Is the derivative at the new point
(X...,Y...) and average with the previous
derivative f(x,,y,) to find the average derivative;

1 _
E[f (Xn’ yn) + f (Xn+1’ Vr\-d)]
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EX: D.E.,%zy, y(0)=1.Find y at x=1

Solution
1-Useh=1 n=1
Vi=Y, +h (X, ¥,)=1+1(1) =2

h _
Y, = yo+§[f(xo,y0)+ F(x +V)l

:1+%[1+ 2]=2.5



2—Useh=05 n=2

Y, =Y, +hf(x,y,)=1+0.51)=1.5
h _

Y1 = yo""E[f(Xo’yo)"' f(xl_l_yl)]

=1+ %[1+1.5] =1.625

Y, =Y, +hf(x,y,)=1.625+0.5(1.625) = 2.4375

h _
Y, = y1+§[f (X1’ y1)+ f(X2 T yz)]

=1.625+ 0—5[1.625 +2.4375] = 2.6406
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EX: D.E.,g—y:y, y(0)=1.FIind y at x=1
X

use h=0.5

Solution

X, =0, y,=1 h=0.5
kK, =0.5(1) =0.5

kK, =0.5(1.5) =0.75

y, =1+ % (0.5+0.75) =1.625

X, =0.5, y, =1.625, h=0.5
k, =0.5(1.625) =0.8125
K, =0.5(1.625+0.8125) =1.21875

y, =1.625+ % (0.8125+1.21875) = 2.640625



Ex: Deter mine the value of y when x=0.1
given that y(0)=1and y' =x°+Y

Solution

1- h=0.05

y, =Y, +hf(x,,y,)=1+0.05(0°+1) =1.05

h _
yl — yo +§[f (Xo’ yo)+ f(xl’ yl)]

0.05
2
Yo=Y + ht (Xl’ yl)

=1.0513+0.05(0.05% +1.0513) =1.10399

0.05
2

=1+ [1+{(0.05)° +1.05}] =1.0513

y, =1.0513+

[(0.05)% +1.0513+ (0.1) +1.10399] = 1.10549



2— X,=0, y,=1 h=0.05

k, =h f(x_,y.)=0.05(x>+y, )=0.05+(0°+1)=0.05
k,=hf(x_,, V. +k)=0.05[(0+0.5)° + (1+0.05)] = 0.052625
Y, =Y, +%(k1 +Kk,) =1+%(0.05+0.052625) =1.0513

X, =0.05, y, =1.0513, h=0.05
k, = 0.05[(0.05) +1.0513] = 0.05269
k, = 0.05[(0.1)% + (1.0513+ 0.05269)] = 0.0557

y, =1.0513+ % (0.05269 +0.0557) =1.10549






Ex:%:y, y(0)=1 find y at x=1, h=1
X

Solution
ky=hT(x,y)=11) =1
h Kk 1
k. =hf(x+—,y +-3)=101+=)=1.5
2 ( I 2 yn 2) ( 2)
h K 1.5

k.=hf(x +—, v +—2)=101+=——)=1.75
3 (X; > Y 2) ( 2)
k,=hf(x.+h,y, +k;)=11+1.75) = 2.75

Y1 = yo+%(k1+2k2+2k3+k4)

=1+ % (1+2(1.5)+2(1.75)+2.75) =2.70833



Ex:%zx%y, y(0)=1 find y at x=1, h=0.5
X

Solution

X=0, y=1, h=05

k, =0.5(0° +1) = 0.5

k, =0.5[(0+ O—;)Z +(1+ %)] =0.65625

k. = 0.5[(0+ %)2 F(+ 0'622625)] _0.6953

k, = 0.5[(0+0.5)? + (1+0.6953)] = 0.97265

y, =1+ % (0.5+2(0.65625+0.6953) + 0.97265) =1.696



X=0.5 y=1.696, h=0.5
k, = 0.5(0.5° +1.696) = 0.973

0.973

2

k, = 0.5[(0.5+ 0_;)2 +(1.696+ 1'3;25)] ~1.4724

k, = 0.5[(0.5+O—;5)2 +(1.696 + )] =1.3725

K, =0.5[(0.5+0.5)% + (1.696 +1.4724)] = 2.0842

y, =1.696 + % (0.973+2(1.3725+1.4724) +2.0842) = 3.1538
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J "(a)

L f(x) = f(a)+ f'(a)(x—a)+ (x—a)?

L 1@ (X=2)" + oo, + f(n) (a) (x—a)"

s (X)) = Zﬁf(”)(a) (x—a)"

n=0

If (a=0) the exp ansion Is about the origin.
2

f(x) = f(0)+ f'(0)x+ f”(O)%+ .......... L fO (O)XF':
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Expand e” in Maclaurian (Taylor) Series
f(x)=¢e"

2 n

f(x)= f(0)+ f'(0)x+ f”(O)%+ .......... + ™)

f(x)=e" at x=0= f(0) =1

fF'(xX)=1"(X)= f"(X) =........... f M (X) =e"

f'0)=1=1"(0)= f"(0) =......... f M (0)
’ X  x° X"

S =l Xt —F— i, +—
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Approximation Solution used to Solve the Equations :
Newton — Raphson Method
Suppose f(x)=0; find the root X,

Start with an initial estimate (x°) and improve

estimate to, x" =x — after repeat and

obtain (x*® and x®) and after (k+1) cycles;

(kD) 3 () _ f(x")
f/(x™)



Tikrit University-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth Dr.Adnan Jayed Zedan







Exl: Solve 2x—e™™ =0
Solution :

2x=¢e"
f.(x)=2x, f,=e"

(kD) () f(x(k))
f'(X(k))




f (X

£,
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(kD) g () f (X(k))
f/(x™)

f'(x)=2+e""

Start x° =0

oy 2x et o 20)—e” 1 aan
21X 2+e° 3
2(0.333) — 033
2_I_e—0.333
2(0.3518) —g >

2 i e—0.3518

x* =0.333— =0.3518

x° =0.3518 — =0.3517~0.3518

- Xx=0.3517



Ex2:Use Newton — Raphson Method to solve;

0.25x—sinx =0 (required the root > 0)
Solution :

f,(x)=0.25x , f,=sInX

(kD) 3 () _ f (X(k))
f/(x™)

Start x° =3



f,(x)

T 27

f,(x)
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a0 T0C) _, 0.25(3)=sin(3)
f'(x”) 0.25—cos(3)
= 2.50896 ~ 2.51
oo f04) o 025(251)—sin(2.51)
f'(x") 0.25-cos(2.51)
=2.47/5= 251

S.X=2.475
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Ex1l: Solve 4x-6=0
Solution :

X+3X=0

X =0-—3X

X=(g(X) =6-3X

g'(x) =-3

—3>1 No convergence






1
X=—(06-—X
3( )
X° =0
1
X' ==(6—-0)=2
3( )

x2 = %(6—2) —1.333

x3 = %(6 —1.333) =1.556

X4 = %(6 —1.556) =1.481

x5 = %(6 —1.481) =1.506

X% = %(6 —1.506) =1.498

x7 = %(6 —1.498) =1.5006

S. X =1.5006



Exl: Solve x* —e * =0

Solution :

X% =e"

X

X — e—O.Sx

g(x)=e
g’(x) = —0.5e7°>*

x° =0

0.5x

g’(x) = —0.5e %% =

—0.5/<1 ..ok.

—0.5
Cognv.



Put x° =0

skl g(x)k

Xl _ e—O.S(O) _ 1

x* =e % =0.6065

X3 _ e—0.5(0.606@ _ 0738

X4 _ e—0.5(0.738) _ 0691

X5 _ e—0.5(0.691) _ 0708

X6 _ e—0.5(0.708) _ 0702

X" =e 99799 = 0,704 = 0.702
. x=0.702



