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Example :

— 0
f(x) = T<X<

1 O<Xx<rx
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Yy =sinx

EICY -

= X »> I
—41' 0 41" w 2w - _Jil_' E}T_r ™
| 2 AN 2 1 2
I I I I
Domain; —oo < X < a0 Domain: —m < X < @
Range: -l1=v=1 Range: -l1=v=1
Period: 2a Period: 2w
(a) (b)
¥y ¥
[ V=secx 1 V=CsCX
' ' X | | | . X
_dp—a _a 0] % 3w - w0 « 7w 3w 2w
ifm emil m_ 2 m

3w

Domain: x a&t%, +
Range: y=-lory=1
Period: 2w

(d)

p recc

Domain: x # (0, +, =27, . ..
Range: y=-lory=1
Period: 2w

(e)
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y=tanx

L
E
=g

Domain: r #+Z_+

=5
Range:

—m < ¥ < ;o
Period: =« (c)

3w
2

3 A

4 y=cotx

W

|
|z 3
7 7

Range:
Period:

w

()



To obtain formula the coefficients a, and
b, we need the following integrals, where
m and n are integers.
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1-— _f cosn—mdt =0

’ P
d+2p
2 — Isinn—mdtzo
d P
d+2p
3— jcosmﬂtsinn—mdtzo
d P P
d+2p t
4 — _[cosz dt =
d
L m r Nzt
5— j COS sin——dt=0
d P P
d+2p
6 — jsm ﬂtsi nﬂ}[dt:O
d P P
d+2p
7 — jsmzn—mdt:
P

n=-0

n=0



Limits :

- Lim "N _g
N—ocC N
2 Lim ¥Yn=1
1
3—Limx"=1 (x> 0)
4— Lim x"=0 (x| <)

N—>oC

5— Lim (1+—) =g
0— lex— 0

—>ocn



Integrals : (m and n are integers)

27 27
1-— _[sin nx dx = jcos nx dx =20
0 0

21 2
2 — jsin mx sin nx dx:%j[cos (m-n)x—cos(m+n)x]dx=0
0 0

27 27
3- jsin2 nx dx:%j(l—cos 2nx) dx = 7
0 0
27
4 — _[cos mx cos hx dx =0
0

27
5— _[cos mx sin nx dx =0
0

27
6— jcos2 nx dx =0
0

27 27
7 — jsin NX COS NX dx:ljsin 2nx.dx.=.0
’ 2

)



cos(a+b)x_cos(a—b)x+
2(a+b) 2(a—Db)
sin(a—b)x sin(a+b)x
2(a-b)  2(a+h)

sin(a—b)x+sin(a+b)x
2(a—Db) 2(a+Db)

S—Isin ax cos bx dx =-—

9—jsin ax sin bx dx =

10 — [ cos ax cos bx dx =

.. X Sinax
11—1|sin® ax dx = = — +C
. 2 4a
- X SIinax
12 —|cos? ax dx = =+ +c
. 2 4a



Example :What Is the Fourier exp ansion of the periodic

function whose definition in one period Is :

0 — 7 <t<0
f(x)=1 . %
Sint O<t<rm




Solution :

d+2p
_ = jf(t)dt
:i[deHjsintdt]:i(—cost\
T —7 0 4
1 1

= —[—(cosz —cos0)] =—[-(-1 1)]:E
T T T



d+2p
a _ 1 j f(t)cosn—ﬂtdt
d

P P

16 n (o n
:_[jOcositdtJrjsmtcositdt]
7T g T 0 4

:ijsintcosntdt
0

T

1| cos(l-n)t cos(l+n)t
| 2(1-n) 21+n)

0

_|_

1

1 (cos(n—nyz)+cos(7z+n7z) (1
1-n 1+n 1-n

1+n

)
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Note :

cos(r —nx)=coszcosnz+SinzsSinnz =—Ccosnzx

cos(wr+Nnx)=cosxzcosnz—SinzsSinnz =—Ccosnzx
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flo
sin 1

(e 8
it

2

%
’ "‘P
1t 1 sin ¢ 2 cos 2t
6 e e
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y=s8int
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Example :

—t -3<t<0
f(x):{t 0
<t<3
Solution:
2p=6, p=3 , take d =-3
+ (1)
|
: ¢
-3 3




Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan




Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan




Meth. Dr.Adnan Jayed zedan



Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan




Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan



Even and

Odd Functions :

v
TN
/ N

~ w0 x A

e . - N
Even

Symmetrical with y-axis

8(-x)=g(x)

f g(x)dx = Zf g(x)dx

nNxX.
COS——IS even

7 N
\ET F D
Odd

Symmetrical with Origin

8(-x)=-g(x)

ig(x)dx =0

N X.
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Product :

Odd *Odd = Even
Even® Even = Even
Even*0Odd = Odd



Half —range exp ansion :
Ex :Find the half —range of :
f(t)=t—t° O<t<l

Solution :
@ Extend to (—1,0) by

reflection In the y —axis

b =0 (even) 0/’\1
a, =3jf(t)cos”—7”dt ; u 1
p 0 p (even)



Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan




Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan




R /0 1

Tikrit Universit-Civil Engineering (Od d )
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan



1
b, =3j(t—t2)sm”—7”dt
1. 1

—t 1
=2[(—cosnzt+—
Nz n“rz

~sinnzt)—

—t° 2t . 2
(—cosnzt+——sinnzt+——cosnzt)];

nx N7 A/

5 2[(—(:05 ﬂﬂ')_(—COS Nz N 2(cosnz —1) N

Nz Nz n° rz°




Tikrit Universit-Civil Engineering
Department Third Stage Eng.Anal.& Num.
Meth. Dr.Adnan Jayed zedan



| | |
| I '
7N\ /7N |
'4 'B f._; .|.2 'I1 ff u ?
- | | f"'
| rff ' f’ '
rJr | | |
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- | |
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1
q cosnzt 2cosnrt
n n272_2 n272_2 :
1

2 2
N7z

(cos(—nrx)—2cos(—nrx))]
Note[cos(—nz) = cosnr]

[(cosnz —2cosnr)—

. —4c0s Nz

coa = 73
(S 2

a, —ij(t—t )t =

-1

(n=0)
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Alternative forms of fourier Series :

The complex exp onetial form iIs obtained :

nizt nizt nizt nirzt

oc p P Pl P
f(t):%+2(ane A €

a a —1b a +1b
ft= O-I— n ne P AE n ne P
(t) > n§:1,( 5 : )

Define :

a, . :an—ibn; C _a, +1b,

v : 2 2 2

nizt

Lfm=YC,e °*




<f(t) ZC em':>

1 d+2p
COZE o=— Jf(t)dt
co a, —2le
d+2p d+2p
ZE[E J f (t)co Sn—ﬂtdt—lij f (t)sin
28:Piri p 2
L j f(t)(COSn—t—|S| Lt o
2p 4 P P
1 d+2p —nirxt

nCo=— |[f(t) e ? dt
\ ij()

d+2 nirzt
e +|b 55

C f(t) e P dt
e s !()

n 228 iy
p
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Another trigonometric forms of fourier Series :

Nzt

a = Nzt :
f)=—=+ > (a,cos——+h sin—)
B s




f(t) = A ZAn(cc>s'“—|7OZt cos 7. +sin”—7|;t siny. )

= A+ 3 A oS 7,
OR:
f(t)=A + Z.C:An((:osn—gt Sino. Jrsinn—jlozt COS O, )
Nt

—A\)+ZA15|”(—+5)



Note :

'’ =cos@ +isind
e’ =cos@—isind
By solving the above equations :
pif _ g-if
2l
ei@ _I_e—ié?
2

SIN @ =

COS @ =




Example : Find the complex form of Fourier

Series of : f(t)=e" —1<t<l1

Solution ;
d+2p _nirxt 1 |
Cn=i j f(t)e °P dtzi_fe‘t e "' dt
2p - 27

1 @it 1

1
:Ej‘e—(nnin)t dt = [ _
2° 2 —(1+nix)




1[ o-(Lrnin)t
" 2'—(@+nir) .

- e—(1+ni7z) _e(1+ni7z) e.eniﬁ _e—lle—nm

C

—2(1+nix) 2(1+nix)

e‘” —cosz+isinr=-1
e =cos—isinzr=-1
e —nl7z ( 1)



sinhx:%(ex—e‘x) & coshx:%(ex+e‘x)
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This can be converted Into trigonometric series :

C. :an—lbn & C. :an+|bn
2 2

Solve the above Egs.
a, =C +C__ & b =1(C,+C._)

a (1) (1-— nm)smhl (-1~ (1+n|7z)smh1

n

1+n° z° 1+n* x°
~ (-1)"(2sinh1)
1+n® z°
b, = [( )" (1- nm)smhl (-1~ (1+n|7z)smh1
1+n* z° 1+n* x°

~ (-1)"2n zsinhl
1+n® z°

]



_ (=1)"(2sinh1)

a
’ 1+n° 7°

b — (-1)"2n zsinhl
’ 1+n° 7°

- £ (t) =sinh1_ 25inh1(COS 7z2t - COS 27z2t N cos37z2t
1+7° 1+4n° 1497

cosdrt fo)- 27zsinh1(sm rt 5 2SIN 2t

141672 1+72  1+47>

3sin3xt - 4sin4rt
1+ 97° 1+167°

_I_

Note:(-1)"=1 & (-1"=(-1)"



Sum of functions :

Fourier coefficients of Sum.
I+ 1,
are Sum. of f, & f,

Example :

f(X)=X+rx —TT<X<TT
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Applications:

* Deflection of simply sup ported beams:

L

conditions
Y y{0}=y{L}=0 No Defl. at ends
y"[{0}=y"(L}=0 No Mom. atends
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d4

El o =q(><)
dy _q(x)
dx” El

y = y(X), to satisfy th

(1)

e boundary

conditions at the enc

S:Xx=0& x=L

Mz X

Tryy=> C,sin :
m=1

(2)

y =0, wheresinO=sinmz =0



Expand the load by %range (sineseries)

M X
L

2" . MmaX
b =—1|0g(x)sin——dx
: Lgq() .

Subst. Egs. (2) & (3) into Eqg. (1) :

mm., . mzx 1 :
C. (—)*sin =—— S b _sin
Z m(L) L EIZm

(3)

q(x)=> b, sin

M X
L
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Example : Simply sup ported beam,

with concentrated load.
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Distribute p over small distance u:

a+u

bngjﬁsinmﬂxdx
L - u L




a+u

2 p L m 7 X
=— COS
umsrz L |,
2 mz(a+u ma
__ P COS ( )—cos—]
um sz L L
2P mza mrxu
=———[cos——cos————
um sz L L
. Mzu . mra mra
Sin Sin —C0S——]
L L L
m zu
u—>0 ..cos > 1
L
. mamu mzu
& sin >

|
L

L



h - 2P mza mMzu . mra mrza

- =———-CO0S sin —C0S—]
umrs L L L L
_ 2P [_mﬂusinmﬂa]
umsz L L
b, ::—@sin mzd
L L
mﬂ' 4 b b L 4
—)'=—"=C_=-7"
nt L ) El " El (myz)
- _2psm 1 4
i LEI  m‘z’
3
-.C 2pL sinm”a







Po

Example : Load w,, =—Xx and neglected the Wt.

L
of the beam. Find the deflection curve.

Condition

y(0)=y(L)=0
y"(0)=y"(L)=0
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Because each term (and hence the Sum. itself )
satisfied the end conditions. Hence exp and the

: X, . . :
load deflection (—p, E)ln a Fourier sine series

on interval (O,L):

20, — P X, . NzX
bnz—j( )sdex
2p0 n7zx L . nzxy,
x — Sin——
[ L n’z® L b
2 ‘. :
= I00[( cosﬂ—O)— - ~(sinnz —sin0)]
L N’z
2
.'.bn=2|2° = cosmz:2p° (-1)"
L° nx PhigE



n=1 L
2p, - (-1D" . nzx
= SIN———
T Z n L

Now compute y" from Eq.(2) and put into Eq.(1):

7 . nzXx 2p, (D" . nzx
El — n*C_sin =T sin ——
L4Z ! L T Z n L

The coefficients of like term must be equal :

4 _q\N

El ’E—4n4c:n _ 2P, )
T n

2p, L

~C =(-D"
= )E|7Z'5n5







* Beam on elastic foundation :

qlzky
Wm:q_ky g
d'y q-ky
dx*  El %
q.
\
AL 1)

dx* ElI El



Try y=> C,sin mzx

Oy = 0 Dy sin
Subst. the above into Eq. (1):

X k . MaX . maX
C—sm + Csm—— b SIn——
Z =) L EIZm L Z L
k b
C—+— —n
( )EImEI

Cm[(T) +E] — E_rr|1
- Cn = m:m k
E'[(T) +E]

M X
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*Free vibration of simply sup ported beams:

Free vibration Is started
after the load 1s removed }

—_ —

| L Y

/ 7
PA 8%y [p =\Wt. per unit volumej

Inertia force =— 4 _
El Ot A =Cross section area

d'y  pAdy
+ =0 1
dx* El ot° &)



M X

Try y(xt) =3 f @sin L (2)
Subst. Eg.(2) into Eqg.(1):
Z(—) f(t)sm”” 'OAZf (t)smm 0

(—) f(t)+ f(t) 0
%

oA, Nrxz., 5
Ef (t)+(T) f()=0

. El nrx,, N
f (t)+pA( I_) f(t)=0




. El
f (t)+pA( I_) f(t)=0
Lot = (17ye _ 2
oA L
')+’ f(t)=0
Let f (t)=ce™
Sme+a’=0=m=zqai

f(t)=c,cos at+c,sin at

~y(xt)=> (c,cos at+c,sin at)sin—-

NwX
L



At t =0 = velocity :O:@

ot
2 =Y (—casin at+c,acos at)sin 2
o L
oy
=0 @t=0
ot @

N X

0=> (—c,asin 0 +c, acos 0)sin—— L

O:Z(O+Cza):>cz -0






The Fourier Integral:

Many problems do not involve periodic function,
and an non periodic functions cannot be handled
directly by Fourier series. If in a periodic
function:, f (t), we let approaches infinity, then
f(t) is no longer periodic.

Begin with complex form:






Let frequency w, _N7 and szﬁ
P P

f,(t) = Z [Zi(é'VV t T f (r)e"" dr]Aw
o 27T
LetF(W)_ ™! jf (T)e—lw "dr

() = ZF(Wn)AW

N=—ocC

The limit of a sum of the form(1) isthe

Integral, IF(W) dw

(1)



Since p —oc Implies Aw — 0, the non periodic
limit of f (t), say f(t) can be written as the

Integral;
f(t) = T[Zieth T f(r)e"""dr]dw (2)

The other from:

f(t) = j g(w)e ™ dw (3)
g(w)=ifmf(r>eimdr (4)

These two equations constitute what iIs known as
Fourier complex transform- pair.



For trigonometric from:

Set ( frequency); w, =n—ﬂ,

~z(n+l) nz_ x 1 Aw

AW, — or —=_—"—
P PP Pz
f(t) :3+Z[an cosn—ﬂtntbn Sin n—ﬂt]
2 o p p

— 2_1pfpfp(r)dr + %g[cos(wt)Awifp(r)

oS (Wr)dr+sin(wt)ij f (z)sin(wz)dz] (5)

~p
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It is convenient to have the Fourier
cosine and sine integral representation

as transform pair.
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Example :

Find the Fourier integral of

f(t) =+

-

1 t| <1
0 t>1
1 (t)
1







The avergage of the left and right hand limit of :

t
f(t)@t=1is equal to L 4
2 2
T p<t<1
. _ 2
Icoswtsmw ) T -
0 W 4
0 t>1
sinw

When t =0, then j—dw S|(oo)—E



The Integral is the limit of the So—called

sine Iintegral [SI(t) = jsm—wdw as t— oo,

In non periodic case, as we did In the Fourier
series, It Is of Interest to investigate how well
the Fourier integral represents a function.



Let us return to our example; From Eqg.(a) as
an approximation to f(t);

L 2 "esinw
we have the finite integral j coswt dw
Ty W

by replacing o by w, .

sin(a+b)—sin(a-Db)
2

And since cos asin b=



2%mnw

— | —— coswt dw
T 0
zljmnwa+ndw_ Ismwa D
T 0 0
SmMwazu;ﬂmde=£H—
t+1
dw  du du 0<w<w, approaches

——— =— and -«
w o ow(t+1) U O<u<(t+D)w,
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The figure below shows this approximation
for w_=4, 8 and 16 rad/unit time.

Physically speaking, these curves describe the
output of an ideal low-pass filter, cutting off
all frequencies above w_,, when the input

signal is an isolated rectangular pulse.



/ (0034
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